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OSSZEFOGLALO. Csillagszerli tartomany Hardy egyenlétlenségben szerepld
konstansanak egy felsd becslését adjuk a tartomany peremétdl vett tavolsag-
figgvény segitségével. Amennyiben a szokdsos euklidészi peremtavolsag-
fliggvény helyett a sugérirdnyd peremtidvolsdgot alkalmazzuk a Hardy
egyenlOtlenségben, akkor a minden csillagszeri tartomdny konstansa egyenld az
egy dimenzids egyenl6tlenségben szerepld konstanssal.

ABSTRACT. We investigate in this note the Hardy inequality on a star-shaped
domain. We give an upper estimation for the Hardy constant figuring in the
inequality in terms of the distance to the boundary function. Besides the Euclidean
boundary distance function in the inequality we also consider the distance function
in the radial direction for which the Hardy constant of the star-shaped domain turns
out to be equal to the constant of an interval.

1. Introduction

The Hardy inequality [13] states thatif 1 < p < c0oand ¢ < p — 1 then

f°°|u(x)|p dx s( P )Pfooolu,(x)|pxa dx (1)

0 xp—« p—a—1

for any function u absolutely continuous on [0; oo[. provided u(0) = 0. If u # 0 then the
P
p—Z—1) is sharp.
It was generalized in [17] for Lipschitz domains Q € R™, n > 2, i.e. there is a constant H
depending on the domain (1 and on the values of n, p and a such that

inequality in (1) is strict but the constant (

p
fﬂ % dx < an lu()|Pd(x)* dx (2)
for every u € C;°(Q2), where d(x) = dist(x,dQ) denotes the distance to the boundary
function. The least possible value of H in (2) is called the Hardy constant of ( and it is
denoted by Hg(n, p, a) or simply by Hq by suppressing the other parameters in the notation.
Conditions for the finiteness of Hq, or extensions of (2) by some terms on the left-hand side or
for other weight functions than the boundary distance d were investigated by many authors,

KuLcsszavak. Hardy egyenldtlenség, Hardy konstans, csillagszerli tartomany, peremtavolsig
fiiggvény.
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p
see [1-12,14-19] and references given therein. For example one has Ho(n, p,0) = (ﬁ) for

convex domains in R™, especially Hq(n,2,0) = 4 but there are other nonconvex domains
with Ho(n, 2,0) = 4, see e.g. [4, 6, 9].

According to Ancona [1] we have Hq(n, 2,0) < 16 for simply connected planar domains,
moreover, for arbitrary planar domains Avkhadiev [3] proved

min(2; p} Mo(Q) < Hq(2ipip — 207 < 2p (ﬂMo(ﬂ) + 4(_)2 ) , 3)

where M, () denotes the maximal module of annuli centred on the boundary contained in £
and separating its boundary, especially My(2) = 0 for simply connected domains. Hence
Ho(2; p; p — 2) is finite iff the boundary of the domain is uniformly perfect. However, it is
still an open question to determine the exact value of H, in (2) for nonconvex domains in R™.

In this note the Hardy constant Hg in (2) of a star-shaped domain is estimated by
elementary means.

2. Hardy constant of a star-shaped domain

Let @ € R™, n > 2 be a star-shaped domain with respect to the origin the boundary of which
is parametrized by the function f(8) = f (64, ..., 6,_1), i.c.

Q={0):r<f(6), 6 €S} 4)
where S denotes the domain of the angles of the n -dimensional spherical coordinate system,
thatis0 <6, <mforj=1,..,n—2and 0 < 6,,_; < 2m. According to Ch. 1.1.8 in [16] in

this case f is a Lipschitz function on S.
For any u € C5°(2) we have u(f(6),0) = 0 and therefore

—u(r,6)P = frf © pu(p,0)P~*o,u(p,6) dp. (5)

We take the absolute value and estimate the integral

2] _
ur, )17 < [7¥ plutp, 0)IP~1|8,u(p, 6)| dp. ©)

Let ¥ = (r,0) denote a locally integrable nonnegative weight function on Q. We
multiply (6) by 1 and integrate on (). On the left-hand side of (6) we obtain

Loy =[SO, o)y, 01 6) dr do, %

where J(8) = []j=1 Z sin™~1J 8; is the part of the Jacobian containing the angles. On the right-
hand side of (6) we change the integrations with respect to the variables p and 7:

I 117 [0 vt 0) dr] pluto, ©) P~ |0,u(p, 0)| 7Y (0) dp do.  (®)

Using also |8pu(p, 8)| < IVu(p, 6)| we obtain the following inequality
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fy ulPw < [ plulP™ [VulW, 9)

where
Y(p,0) = %fop r* 1y (r,0) dr. (10)
This definition of the function ¥ by (10) makes also sense when p — 0 because

W(p,0) < [P (r,0)dr (11)

1
and hence lirr(l) W(p,0) = 0. Expand the right-hand side of (9) by the factor 17 and estimate
p—

by Holder's inequality:
1 1

i i a P P
jp|u|p—1¢a|w|¢‘ap < pO |u|(p_1>q¢> <] IVulpzp‘Ew>
Q qQ o

1
- p(fn |u|Pzp)q<fQ |Vu|Pzp1-Pw>p,

where we have also used (p — 1)q = p as a consequence of % +% = 1. Substituting this into

|

(9) implies

Jo Py <p(J, |u|pw)3 (1, |\7u|p¢1‘p‘1”’)%. (12)

1
Dividing both sides by ( ) q lulP w)q and using again i + % = 1 implies
Sy WPy < pP [ [VulPylPwp, (13)

In order to obtain (2) we substitute the weight function

1
V= (14)
compute ¥ and estimate the right-hand side of (13). There follows

d(p,@)P~*t cp rnt

p
pn-1 Jo a(reypa dr) Jo IvulPa®, (15)

[u|P
—— < pP max (
fﬂ ar-« p (p,6)EQ

which gives the upper estimation for the Hardy constant of the star-shaped domain () in case
l1<p<wanda<p-—-1:

d(p,@)P=¢=1 .p yn-1 p
P
Ho<p (;%??n( pnt o a(rep-a dr) ' (16)

The maximum in (16) is finite since

d(p,o)p~ @1 .p ynt
pn-1 0 d(r,@)r-«

1
d(r.@)p-a

dr < d(p,0)P~1 [7 dr (17)
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and by the L'Hospital rule we have

-1

p—a—1 (P —
hr?e)d(p,e) Jo s 9T (r—-a—1)9,d(f(6),6) (18)
and d,d(f(6),0) = —cos £(x,n) for almost every 6 € S, where £(x,n) denotes the angle

between the position vector x = (f(8), 8) and the outer unit normal vector to the boundary of
Q at x.

Theorem 2.1 If Q) is a star-shaped domain in R™, n > 2 with respect to the origin, then we
have (16) for the Hardy constant in (2). [ |

Remark 2.2 The upper estimation (16) for the Hardy constant is computable only if one
knows the distance to the boundary function d of the domain. In order to obtain a more
geometrical version we denote by F(p, 6) the right hand side of (17) and compute its partial
derivative with respect to the variable p

0,d(p,0)

0pF (p,0) = 7o+ (P~ a — D -5 F(p, 6) (19)
Hence if ,F(p,0) = 0 then F(p,0) = (p—a—l;;pd o0 and there follows
B UG ey @)
which implies .
o < (2) (322 , i3t o) @

Here |6pd (p,0)] is the cosine of the angle between the position vector x = (p, 8) and the
outer normal vector on the boundary at x of that subdomain which is enclosed by a level
curve d = constant. m

Example 2.3 Let Q = Bi(0) be an n-dimensional ball with radius R centered in the origin.
We can directly compute the upper estimation (15) by substituting d(p, 8) = R — p or we can
use (21) and we obtain

p p
Hipo < (525) (22)
for1 <p < ooand a < p — 1 justas in the case of an intervall. [

Remark 2.4 If Q is a convex domain then using |6pd(x)| < 1 for x € () the upper estimator

in (21) is at least(

constant for convex domains. ]

P
) which is known to be the sharp upper estimator of the Hardy

Remark 2.5 Instead of the weight (14) we can substitute another weight

Y(p,0) = W (23)
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In [11] a partially similar weight was considered with an additional singularity at the
origin. Using (23) direct computation gives

1 1 1
¥p,0) < p—a-1 ((f(9)—p)p_“_1 B f(9)p_“_1)' 29

This can be substituted into the inequality (13):

Joy o < (-2=)" [, IVuP(F(0) = )™ 25)

(F(@)-p)p~* = \p-a-1

Hence if we use the weight (23) instead of (14) then every star-shaped domain behaves
like an interval concerning the Hardy inequality, c.f. (1) and (25). Moreover, if the radial
distance f(8) — p of the point (p, 8) € Q is comparable to its ordinary distance d(p, 8) to the
boundary, that is

e(f(0)—p) =d(p,0) <f(O)—p (26)

for some fixed 0 < € < 1 then there follows by (25)

[ulP p \P1
fﬂ dp-a = (p—a—l) &b fﬂ VulPd®, @7
which gives
Hy < ( P )p (max max wr (28)
Q= \p-a-1 €S pelo;£(0)] d(p.0)

for the Hardy constant. ]

Remark 2.6 The estimations (16), (21) and (28) depend not only on the domain and on the
parameters p and a but also on the choice of the center of polar coordinates. For example if

one chooses the centre of polar coordinates in a distance of 0 < § < 1 from the centre of the

1

unit ball and calculates the parametrization of the unit ball then one has ¢ = oz 0 (26) and

the estimation (28) gives

Hq < (p—a—l)p 1+ 527”

which is bigger than the exact value in (22)if 0 < § < 1. [

Conclusion The upper estimations for the Hardy constant of a star-shaped domain considered
in this note are novel to the authors best knowledge, however, they are difficult to calculate
explicitly in terms of simple shape characteristics of the domain. In the case of the unit ball
the estimate gives the value of the known sharp constant. If one chooses the distance to the
boundary in the radial direction instead of the ordinary distance in the Hardy inequality then
the Hardy constant of any star-shaped domain is the same as that of an interval.
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