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Abstract
We consider the Markoff—Rosenberger equation

ax® + by2 +c7? = dxyz

with (x,y,z) = (U;, Uj, Uy), where U; denotes the i-th generalized Lucas number of
first/second kind. We provide an upper bound for the minimum of the indices and we apply
the result to completely resolve concrete equations, e.g. we determine solutions containing
only balancing numbers and Jacobsthal numbers, respectively.

Keywords Markoff equation - Lucas sequences - Balancing numbers - Jacobsthal numbers

Mathematics Subject Classification Primary 11D45; Secondary 11B39

1 Introduction

Markoff [7] showed that the equation
x>+ y2 +z72= 3xyz

has infinitely many integral solutions. The equation defined above is called Markoff equation,
and it has been generalized in many directions by several authors. In this article, we deal with
the generalization

ax’ + by2 +cz = dxyz (1.1
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considered by Rosenberger [8]. Rosenberger proved that if a, b, ¢, d € N are integers such
that ged(a, b) = ged(a, ¢) = ged(b,c) = 1 and a, b, ¢ | d, then non-trivial solutions exist
only if (a, b, c,d) € A, where

A={01,1,1,1),(1,1,1,3),(1,1,2,2),(1,1,2,4),(1,1,5,5),(1,2,3,6)}.

Luca and Srinivasan [6] proved that the only solution of Markoff equation with x < y < z
suchthat (x, y, z) = (F;, F}, Fy) is given by the well-known identity related to the Fibonacci
numbers

1+ F22n71 + F22n+l = 3F2n71F2n+lo

Kafle, Srinivasan and Togbé [5] determined all triples of Pell numbers (x,y,z) =
(P;, Pj, Py) satisfying the Markoff equation x2 + y? + z2 = 3xyz. Here, there is an other
identity given by

224 P+ PR =32 Py Pasr.

Markoff—Rosenberger triples containing only Fibonacci numbers were determined by
Tengely [9]. Altassan and Luca [1] considered Markoff-Rosenberger equations with integer
solutions (x, y, z) which are all members of a Lucas sequence whose characteristic equation
has roots which are quadratic units. In this article, we consider generalized Lucas number
solutions of the Markoff—-Rosenberger equation. We define the sequences {Uy, },>0.{ Vi }n>0
as follows:
Uo(P,Q)=0, Ui(P,Q)=1, Uy(P,Q)=PUp1(P, Q) — QUp(P, Q),
Vo(P,Q)=2, Vi(P,Q)=P, Vu(P,Q)=PV,—1(P,0)— QVy—2(P, Q),
where neither P nor Q is zero.
Remark 1.1 Assume that P* = — P and define
U =0. Ut=1. U}=PU; - QU;,.
Vo =2, Vi=P V=PV _, -0V,
Then we have
Ur= "o, vi=(=D"V,.

Based on the above identities in this paper we only deal with sequences satisfying P > 0.

In this paper we assume that 0 < D = P2—4Q,P >2and -P—-1<Q<P-1.
We excluded the cases with P = 1 to make the presentation simpler. However, if P = 1,
then —2 < Q < 0. Therefore, there are only two sequences to be considered. Namely,
the Fibonacci sequence with (P, Q) = (1, —1) and the Jacobsthal sequence with (P, Q) =
(1, —2). The former one was completely solved in [9], the latter one will be handled separately

in this paper. The characteristic polynomial associated to the above sequences is given by
x2 — Px + Q. The roots of the characteristic polynomial can be written in the form

P++D P-vD
=2 P

and we have ¢ — 8 = \/5, o+ B = P and o = Q. We note that the conditions P > 2,
D>0and —P —1<Q < P —1implythata > 2 and |B| < 1. First we justify the second
statement, and then the first one. Since P > 2and —P — 1 < Q < P — 1, we have

(P -2 < P?—4Q <(P+2)%

o
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190 H. R. Hashim et al.

Therefore, P — 2 < D < P + 2. We have that § = Pif/ﬁ. Hence,

“1<B<l

This implies that « > 2. Indeed, if P > 3,thena = P — 8 > P — 1 > 2. On the other hand,
if P =2,then Q € {—3, —2, —1, 1}. The case Q = 1 is not convenient since it leads to the
characteristic equation x2 —2x 4+ 1 = (x — 1)? which has a double root so D = 0. Thus,
O<-lL,soa=QR2+/4—-40)/2 > (2+«/§)/2 =14 +/2 > 2. Also, a > |B]. All this
has relevance later.

By Binet’s formulas we have that

Oé"—ﬂn

U,  p V, =ao" + B".
We assume that
ok < Uy < 20, (1.2)
2057 < v < 20F fork > 1, (1.3)

and these will be fulfilled in caseof D > 0, P >2and —P —1 < Q <P —1, Q0 # 0. The
bounds on inequalities (1.2) and (1.3) are obtained as follows. The upper bounds are clear
sincea — 8 = VD >1,s0

k_ pk
il <of — BF <205 fork > 1.

Similarly, we get that V; = ok + ,Bk < 2a*. For the lower bounds, first we note that if B >0,
or B8 < 0 and k is even, then

Vi =aof —i—ﬂk > of > 2051,
If B < 0 and k is odd, then
Vi=a* — 1Bl = @ — 18D+ + 1B = 247,

since« — |B| = o + B = P > 2. For Ui, we use a similar argument. If 8 > 0, then

Olk—ﬁk
Ur = = o1 +ak*2/3 4+t lgk*I > gfF 1 s k2,
a—p
If B < 0, then
k k
o — BT e — 1Bl i k-1 k-2
U > + -+ > ,
AT 2 @ B z @

where we used again the fact that« — || = o + 8 = P > 2. In general, we assume that
if {R,}s>0 is a nondegenerate Lucas sequence of the first or second kind, then there exist
constants sy, s, i1, i> such that

s1o" 7 < R, < 5002 forn > 1,
and this will be fulfilled in the cases that we investigate in this paper.

Remark 1.2 Let {R,},>0 be a binary linear recurrence sequence represented by {U,},>0 or
{Va}n=0. In order to determine all triples (R;, R, Ry) satisfying equation (1.1) ata given tuple
(a,b,c,d) € A, we first compute an upper bound for i (such that 1 <i < j < k), denote
it by ubg, (a, b, c, d). Hence, to resolve the equation completely with e.g. (a,b,c,d) =
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Markoff-Rosenberger triples and generalized Lucas sequences 191

(1,2, 3, 6) one needs to handle the cases with i < ubg, (1,2,3,6),i < ubg,(1,3,2,6),
i < ubg,(2,1,3,6),i < ubg,(2,3,1,6),i < ubg,(3,1,2,6) andi < ubg,(3,2,1,6).
Then after obtaining the solutions of (1.1) with these cases, we permute the components of
these solutions in which they satisfy equation (1.1) at the tuple (a, b, c,d) = (1,2, 3,6)
to determine the complete list of its solutions. Although, Theorem 2.1 gives the least upper
bound for all such cases of the tuples of A. For that we let S be the set of all distinct tuples
(a, b, c, d) derived from permuting the first three components of elements in A.

2 Main results

Theorem 2.1 Let (a,b,c,d) € S, P >2, —P —1 < Q <P — 1suchthat Q #0, D >0
and
d

Oll—* .
Cc

! L B = min
Dl 'l
If By # 0, then By > o~ and if By # 0, then By > 0.17. Furthermore, ifx = U;, y = U;
andz = U with 1 <i < j <k isa solution of (1.1)and By # 0, theni < 12. If x = Vj,
y=Vjandz = Vi withl <i < j < kisasolution of (1.1)and By # 0, theni <.

By = min
1eZ

o

Proof Let us start proving the first part of the theorem in which we show that By > «~*

and By > 0.26 as By # 0 and By # 0, respectively. We start with the case of B;. From
S we have the rational number d/c is in the set {1,2,3,4,5,6}. If I = 0 and By # O,
then d/c € {2,3,4,5,6}. So By > 1. However, if d/c = 1, then By = 0 is achieved at
I = 0 independently on P and Q. If I < 0, then ol <ol <1 /2, which implies that
B1 > 1/2. Next, assume that I = 1. If d/c = 1, then B} > 1 since « > 2. But, B = 0 in
case of « = d/c € {2,3,4,5, 6}. Now, we indicate the values of P and Q in each of these
cases giving that B; = 0. Since o and P are positive integers such that ¢ € {2, 3,4, 5, 6}
and P > 2. Then B = P — o must be an integer. Thus, we obtain that 8 € {—1, 1} since
—1 < B < 1. Furthermore, we get that D = (o — /3)2 > lasao > 2and B = =£1. Therefore,
the appropriate values of P and Q can be determined by

P=a+pB, 0Q=capf,

wherea € {2, 3,4,5,6}and 8 € {—1, 1}. In the following table, we summarize the details of
computations for the values of P and Q (suchthat P > 2and —P—-1<Q < P—1,0 #0)
in which we have B; = 0.

o (P.Q)

2 (3,2)

3 4,3),(2,-3)
4 (5,4),3,-4
5 (6,5), (4, -5)
6 (7,6), (5, —6)

Assuming that that / > 2. If P > 4, thena! > o> > (P — 1)> > 9. So B| > 3.
Thus, it remains to deal with the cases P € {2,3} and —P — 1 < Q < P — 1 such that
0 # 0. We start with P = 2 and —3 < Q < 1. As mentioned earlier the case with Q = 1
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192 H. R. Hashim et al.

is not convenient since D = 0. So Q € {-3,-2,—1}. If P = 2 and Q = —3, then
a=(P++/P2—-40)2=02+ M)/2 = 3. This gives us al > 9. Thus, B; > 3. Next, if
P =2and Q = —2,thena = 14++/3anda’ > 2(2++/3), which give B; > 1.46. Similarly,
incase of P =2 and Q = —1 we get ! > 3 4 2+/2. Therefore, By > 3 —24/2 ~0.17.In
the following table, we provide details of computations for the remaining cases in which we
have B; is nonzero for all 1 > 2.

(P, Q) a Lower bound on B
3, —4) 4 By > 10

(3.-3) (3++21)/2 By > 837

3,-2) B+V17)/2 B) > 6.68

(3.-1 (3 ++/13)/2 By > 4.90

) B ++5)/2 B > 0.85

Indeed, the only special case in which we have By = 0 is with (P, Q) = (3, 2). Here,
By = 0 is achieved at I = 2 and d/c = 4 since « = 2. However, if I > 3, then al >9.50
By > 3. The computations above show that By > 0.17.

‘We now turn to By. We have VD =a- Bela—1,a+1].If I <=2, then

B>(d/c) L1 1 o?—a—-1 1
- -_— = > —,
0= VD o T a+1  o? a2(a+1) at
sincea > 2,002 —a—1>1.1f1 = —1, then either d/c > 2, so
2 1 2 1 a—1 1 1
By > - — > [

_— > — > —
“a—-B8 a a4+l o al@+l) a3 ot

ord/c=1s0

1 1 18 1 1
By=|-— = > > .
a aoa-—p ale—p) ~ a?(@+1) ot
where we used the fact that |f| = |Q| /o > 1/«. In particular, the expression under the

minimum to compute By is not zero when / is negative.

Assume next that I > 0. If 8 € {—1, 1}, then /D = « — B is an integer. Thus, in this
case when By # 0, the number By is a positive rational number of denominator c(«¢ — ) <
5(a + 1). Therefore,

B > 1 - 1
O=5S@+1) ~ ot
where the last inequality holds since o > 2. Finally, if 8 € (—1, 1), then |cv/Da! — d| is
a quadratic real algebraic integer multiple of c. Its conjugate is |—c@ﬂ’ —d } = |c(a —

B)B! +d| < ca + (c + d). Hence, since the norm of a quadratic nonzero algebraic integer
divisible by ¢ is greater than or equal to c2, we get

B_|c¢5a1—d{> 1 ( 2 )
T /D oD \(catctad

| | |
S W —Patitdio - @iD@tD ot
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Markoff-Rosenberger triples and generalized Lucas sequences 193

We finish the proof by justifying the last inequality. If P = 2, then & > 1 + +/2 and the last
inequality holds. If P > 4, then « = P — B > 3, so the last inequality holds. It also holds
if P =3 and Q < 0, since then again & > 3. Finally, if P =3 and Q > 0,then Q =1, 2.
The case Q = 2 gives B = 1, a case already treated, and if Q = 1, then « is the square of
the golden section so it is greater than 1 4+ +/2 and the desired inequality holds anyway.

Now, we prove the second part of the theorem. In fact, we look for solutions satisfying
x=U;,y=Ujandz = U with1 <i < j < k. We have that

2 2
cal _d s SUTEVIT B iy i~ i)
vD D Uk f D '
aU?+bU?
We apply (1.2) to get an upper bound for —z—+ such that aU; 24 bU; 2<(a+ b)U; 2 holds

since the Lucas sequence {Up,},>0 is monotone increasing. We obtaln that

aU} +bU;} (a—i—b)Uz
! L < 4(a + b)oal.

Uy - Uy
Since |B] < 1, we get that
cBk ‘ c ’ cal
—| < |—=|=|—=|
VDl 7 IVD| ™ |VD

The last expression to bound is 4 (¢! B/ + o/ B — I*7). In this case we obtain that

’g(aiﬂj +alpl— it < %(2& +1).

Hence, we have that

3

d . i ni i+
’D(a B +alp — | < D

From the above inequalities we get

k
co d i) < 3d> :
— - —« 4(a + bya® L 1.
VD D VD D
It follows that
o d D 3d :
k—i—j 2 —i
o — < \4(a+b)a"— + +1])a™". 2.1)
c\/D‘ ( c c/ D )
Let
By = min ol — d .
[€Z cN D

If By # 0 (then By > o), then we get an upper bound for i from the inequality

VD, )

22
C\/— (2.2)

Since By > ata+b<6,1</D<a+1,c>1and d/c < 6, then (2.2) becomes

: 1
o < =5 (4(a + b)a

o <a*@-6-a*(@+1)+19) <al?
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194 H.R.Hashim et al.

where the last inequality holds since & > 2. Thus, i < 12. In a similar way, one can prove
the second part of the statement. Hence, we note that we get the inequalities (assuming that
B # 0, then By > 0.17)

. d 1 3d i
Mﬂﬁ—475@m+MWﬁh—+Qaﬂ, (2.3)
[ [ C
;o1 1 3d
o < —|(2a+ba—+—+1). 2.4
B c c

Again, since By > 0.17,a+b <6,c > landd/c < 6,50 (24)is
o < 017712 6-a+19) <,

where the last inequality holds since « > 2. So i < 7. Hence, Theorem 2.1 is completely
proved. O

It is important to remark that these lower bounds on By or B (namely, By > a* or

Bj > 0.17) are the greatest lower bounds in case of any Lucas sequence of the first or second
kind with all the tuples (a, b, c,d) € §, respectively. Indeed, they may be greater due to
particular sequences with certain tuples (a, b, ¢,d) € S. A similar idea goes for the upper
bounds on i’s (i.e. i < 12 ori < 7), they are only least upper bounds in case of any Lucas
sequence of the first or second kind with all the tuples (a, b, ¢, d) € S, respectively. Indeed,
they could be smaller due to particular sequences and tuples.

Note that in the proof of Theorem 2.1, the cases where we have B; = 0 were completely
studied. Thus, it remains to classify the cases satisfying By = 0, the result is as follows.

Theorem22 I[fP >2, —P—-1<Q <P—1,0 #0and D > 0, then By # 0 fulfills
unless

ec¢=1,P=30=2a=2VD=11=0,
ee=2P=30=2a=2+D=11=1,
ee=2P=40=3a=3VD=21=0,
e¢=3P=50=4a=4+/D=31=0,
ec¢=4P=30=2a=2VD=11=2,
ee=4P=60=5a=5+vD=41=0,
ee=4P=20=-30a=3+/D=41=0,
e e=5P=70=6a=6+D=51=0,
e e¢=5P=30=—-4a=4+D=51=0,
ee=6P=40=3a=3+vD=21=1,
ec=6P=80=7a=7V/D=61=0,
ec=6P=40=-5a=5/D=61=0,
where e = d/c such that (a, b, c,d) € S.

Proof From the proof of Theorem 2.1 (particularly, if By = 0, then By > oz_4), it follows
that Bg cannot be zero if I is negative. Therefore, I > 0. If 8 € (—1, 1), then By cannot
be zero if I = 0 (since +/D is not rational). So I # 0 and o/ = ¢/+/D, where ¢ = d/c.
Conjugating and taking ratios we get («/8)! = —1, which is false. Thus, 8 = +1 and
VD=a—B=P—28=P=+2.Since I >0, then P +2divides e € {1,2,3,4,5,6}.So
P <8 (indeed,2 < P < 8).Since«/5: P—28>0,then3 < P <8incaseof 8 = 1.
Hence, it remains to study the cases in which we have

P-p -

e
al — —

/D

By = min
1>0

= min — =0
1>0 (P —2pB)
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Markoff-Rosenberger triples and generalized Lucas sequences 195

Since (P — /3)1 is a positive integer as B € {—1,1},1 > 0and 2 < P < 8 (avoiding that
P =2incase of B = 1), so e/(P — 28) must be also a positive integer. In fact, the latter
condition (i.e. e/(P — 28) € Z™) is achieved only at the following cases:

Oe=1,and P —28 = 1,ie. (P,B)=(3,1).

Oe=2and P —28=1,2,ie. (P,B) = (3, 1), (4, 1), respectively.

Oe=3,and P -28=1,3,ie. (P,B) = (3,1), (5, 1), respectively.

Oe=4,and P -2 =1,2,4,ie.(P,B)=(3,1),(4,1),(6,1)or (2, —1), respectively.

Ue=5adP—-28=1,5ie.(P,B)=(@3,1),(7,1)or (3, —1), respectively.

e=6,and P -2 =1,2,3,6,ie. (P,B) = (3,1),(4,1),(5,1), (8,1)or (4,—1),
respectively.

Finally, by examining which of the above cases leads to By = 0 we get the results as
follows. From the first case we get that Bp = Oat P = 3,8 = 1,1 = 0,e¢ = 1, and
these give that VD =rP-— 286 =1, 0 = P— B =2and Q = of = 2. Hence, the first
statement of the theorem is achieved. Similarly, from the second case we obtain that By = 0
at (P,B,1,e) =(3,1,1,2)and (4, 1, 0, 2). The former tuple implies that vD=1,a=2
and Q = 2. So the second statement of the theorem is also fulfilled. However, the third
statement is accomplished similarly by the latter tuple. We also get By = 0 only in case of
P=5p8=1,1=0,e = 3, that give VD =3,a = 4 and Q = 4. Hence, the fourth
statement of the theorem is obtained. In a very similar way, the remaining statements of
the theorem will be fulfilled from the last three cases above. This completes the proof of
Theorem 2.2. O

3 Applications

Let(a, b, c,d) € Aand {R,},>0 beeither {U,},>0 or {V;,;},>0. In order to apply the procedure
described in Theorem 2.1 to resolve equation (1.1) in x = R;, y = Rj,z = Ry, we firstly
do the following steps (since in Theorem 2.1, 1 < i < j < k is assumed). The first step is
permuting the first three components in (a, b, ¢, d). Then for each of the resulting tuples, we
provide an upper bound for i as explained in Theorem 2.1. In fact, Theorem 2.1 gives the
least upper bound for all such cases of the tuples of A. After that we adopt the arguments
described in [9] (in case of the Fibonacci sequence) to determine the list of solutions. Finally,
when the solutions of (1.1) with these cases are obtained we permute the components of
these solutions in which they satisfy equation (1.1) at the tuple (a, b, ¢, d) € A in order to
determine all of its solutions (x, y, z) = (R;, R}, Ry).
If we fix (a, b, c,d),i and m = k — j, then we need to study the equation
aR} + bR} +cRj,, —dRiRjRj4m =0,

where R,, = U, or V,. We note that the equation above only depends on j. Now, we adopt
the arguments given in [9].

(I) We eliminate as many values of i as possible by checking the solvability of quadratic

equations
aRl-2 +by? + ¢z —dR;yz = 0.
(IT) For fixed m we eliminate equations aRi2 + bRJz + CR?er —dR;RjRj{;, = 0 modulo
p, where p is a prime.
(III) We can also eliminate equations aRi2 + bR? + chz- +m — dRiRjR 1y = 0 using related

identities of second order linear recurrence sequences.
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196 H. R. Hashim et al.

(IV) We consider the equation aR} + bR + cR3,, = dRiR;jRjn as a quadratic in R;.

Its discriminant dzRiszz. o 4b(aRi2 + CR? +m) must be a square. The terms of the
sequences {Up, },>0 and {V, },>0 satisfy the fundamental identity

2 2
V., — DU, =40".
Therefore, in case of Q = £1 we have the systems of equations
Y} = DX*+4,
Y} = d’R?X? — 4b(aR? + cX?),
where X = Rj+m = Uj+m, Yl = Vj+m, Y2 = Zij - dR,‘Uj+m; and
Y? = DX? 74D,
Y? = d’R*X? — 4b(aR? + cX?),

where X = Rj+m = Vj+m, Y] = DUj+m, Y2 = 2ij — dRiVj+'nc Mul-
tiplying these equations together, in general, yields quartic genus 1 curves. One
may determine the integral points on these curves using the Magma [3] function
SIntegrallLjunggrenPoints (based on results obtained by Tzanakis [10]).
Indeed, it may happen that we get genus O curves.

Let us apply the procedure described in Theorem 2.1 with these arguments to determine the
solutions of equation (1.1) in some second order linear recurrence sequences.

3.1 Balancing numbers and Markoff-Rosenberger equations

The first definition of balancing numbers is essentially due to Finkelstein [4], although he
called them numerical centers. In 1999, Behera and Panda [2] defined balancing numbers as
follows. A positive integer n is called a balancing number if

I+2+---+(-1D=0+D+n+2)+---+n+k)

for some k € N. The sequence of balancing numbers is denoted by { B, },>0. This sequence
can be defined in a recursive way as well, we have that B) = 0, B = 1 and

B, =6B,_ 1 — B, 2, n>2.

As we see this is the sequence {U, (6, 1)},>0. So P =6, Q = 1 and D = 32. We also have
that

a=34+2v2, p=3-2V2.
‘We have the bounds
o' < B, <o forn>1, 3.1

which are specific to the sequence of balancing numbers. Since Q = 1 the numbers X = B,
satisfy the Pellian equation ¥? = 8 X2 4 1. We prove the following result.

Theorem 3.1 If (x, y, z) = (B;, Bj, By) is a solution of the equation
ax® + by2 +c7? = dxyz
and (a,b,c,d) € {(1,1,1,1),(1,1,1,3),(1,1,2,2),(1,1,2,4),(1,1,5,5), (1,2,3,6)},

then there is at most one solution givenby x =y =7 = By = 1.
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Markoff-Rosenberger triples and generalized Lucas sequences 197

Proof Note that here we can directly use the results given in Theorem 2.1 (i.e. By > a™*

and i < 12), argument (I) and any of the arguments described in (I), (III) or (IV) to prove
the theorem completely. But in practice, having a smaller upper bound on i and eliminating
as many i’s as possible are very useful for determining the complete set of solutions, and,
as pointed earlier, the upper bound “12” on i is only the least upper bound that could be
even smaller due to particular sequences. Therefore, we follow the general strategy given in
Theorem 2.1 to compute the best possible values for the lower bounds on Bs (i.e. greater
values) and the upper bounds on i’s (i.e. smaller values) specific to the sequence of balancing
numbers with the use of the inequalities given in (3.1). It turns out that in all the cases we
have that i < 5. Moreover, by applying argument (I), many values of i’s can be eliminated
by checking integral solutions of binary quadratic forms. Therefore, we skip the congruence
arguments given by (II) and (III). We directly consider the genus 1 curves obtained from the
system of equations

YE =8X>+1,
Y} = d*B*X? — 4b(aB? + cX?).

In the following table, we provide details of the computations.

[a, b, ¢, d] Bo Co il [i, A'X* 4 BX2 4 CLIX, Y]}

(1,1, 1, 1] 0.0052038 5 2] [2,256X* — 1120X2 — 144, []}

[1.1,1,3] 0.3587572 2 [1] 1, 40x% — 27X2 — 4, 1[1, —3],[—1,—3]]]
(1,1,2,2] 0.0052038 4 [2] [2,1088X% — 1016X2 — 144, []

[1,2,1,2] 0.1819805 3 [2] 2, 1088X% — 2168X2 — 288, []J

[2.1,1,2] 0.1819805 3 1] |

[1,1,2,4] 0.1819805 2 [1] 1,64X% —24X2 — 4, [[1,6],[~1, 6]]
[1,2,1,4] 0.2928932 3 [1] 1, 64X% —56X2 — 8,[[1,0],[~1, 0]]}
[2,1,1,4] 0.2928932 3 [1] 1,96 — 52X2 — 8,[[1, —6], [~ 1, —6]]
[1.1,5,5] 0.0052038 4 [1] [1,40x% — 27X2 — 4, [[1, —3], [-1, —3]&
[1,5,1,5] 0.1161165 4 [1] 1, 40X — 155x2 — 20, [[2,0],[-2,0]]]
[5,1,1,5] 0.1161165 4 [1 1, 168x% — 139X2 — 20, [[1,—3],[—1,—3]]}
[1,2,3,6] 0.1819805 2 [1] 1,96X% — 52X2 — 8,[[1, =61, [1, 76]]}
[1,3,2,6] 0.3587572 2 [1] [1,96x% — 84X2 — 12,[[1,0], [~ 1, 0]]]
[2,1,3,6] 0.1819805 2 [1] 1, 192x% — 40x2 — 8, [[1, 12], [—1, 12]]
[2,3,1,6] 0.0606601 4 [1] 1, 192x% — 168X2 — 24, [[1,0], [-1, 0]]}
[3,1,2,6] 0.3587572 2 [1] 1, 224x% — 68X2 — 12,[[1, —12], [~ 1, —12]]}
[3.2.1,6] 0.0606601 4 [1] 1, 224x% — 164X2 — 24, [[1,6], [ 1, 6]]]

The first column gives the tuples (a, b, ¢, d) € S, the second column represents approx-
imated lower bounds on Bjs, the third column has upper bounds on i’s represented by Co,
in the fourth column we provide lists containing the remaining values of i’s not eliminated
by argument (I), and in the last column we have lists containing i, the right hand side of
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the quartic polynomial Y2 = A’X* + B’X? + C’ defining genus 1 curve and the integral
solutions (the second coordinate is only up to sign, for us, only the first coordinate is inter-
esting since that gives B ;). For example, in case of (a, b, ¢, d) = (1, 2, 3, 6) we have that
By ~ 0.1819805 and Cy = 2. Thatis i < 2. Applying argument (I) we can eliminate i = 2.
Hence, it remains to study the case with i = 1. Here, we get that the only integral solutions
are the ones with X = %1. Since X = B, the only possibility is B,, = 1. The last step
is the solution of the quadratic equation

1°4+2-B743-1>=6-1-B;-1.

It follows that B is either 1 or 2, but 2 is not a balancing number. Therefore, the only solution
in this case is

(Bi, Bj, By) = (By, By, B)) = (1,1, 1).

3.2 Jacobsthal numbers and Markoff-Rosenberger equations

If (P, Q) = (1, —2), then we deal with a special sequence in which we have that P < 2;
that is the sequence of Jacobsthal numbers {J,,},>0 = {U,(1, —2)},>0. Here, we have Jy =
0,J; =1and

Jp=Jh1+ 2o ifn>2.
It is also known that the next Jacobsthal number is also given by the recursion formula
Jnt1 =2, + (=D".
We obtain that
D=9 a=2, pg=-1
Therefore, the closed-form of J, is given by

2" — (—1)"
—

Based on the above closed-form equation we may provide bounds for J,,, these are as follows

2n—]

<J,<2"' n>1 (3.2)

Similarly, these bounds are only specific to the general term J,,. Here, we prove the following
statement.

Theorem 3.2 If (x, y, z) = (J;i, Jj, Ji) is a solution of equation
al? +bJ7 +clf =dJiJjJ (3.3)

and (a,b,c,d) € {(1,1,1,1), (1,1, 1,3),(1,1,2,2),(1,1,2,4), (1, 1,5,5), (1, 2,3, 6)},
then the complete list of solutions is given by
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(a,b,c,d) Solutions

1,1,1,1) {(3,3,3)}

(1,1,1,3) {a, 1,1}

(1,1,2,2) {}

1,1,2,4) {a,1,1),@1,3,1),(1,3,5,3,1,1),(3,1,5), (3, 11, 1), (11, 3, 1)}
(1,1,5,5) {(1,3,1), (3,1, 1)}

1,2,3,6) {a,1,1),65,1, 1)}

Proof Since P < 2, we cannot directly use the results given in Theorem 2.1. But, since
B=—-1,a=2and VD =3, we may follow the steps of the proof of Theorem 2.1 with the
use of the inequalities given in (3.2). Hence, we obtain that

d
By = min 2f - =
1€7 3¢
and
. d b d ;
P B oy R NN PR (3.4)
3¢ 2c c

In fact, in some cases we obtain that By = 0.

The case (a, b, c,d) = (1,1, 1, 1). Here, we obtain that By ~ 0.0833333 and the bound
for i is 7. Applying the argument given at (I) it turns out that all values can be eliminated
except i = 3. If i = 3, then we compute the possible values of k — j from inequality (3.4).
We have that k — j € {0, 1,2,3}. If k — j € {1, 2}, then applying (I) with p = 3 works and
in case of k — j = 3 we use p = 11 to show that there is no solution. The remaining case is
related to k — j = 0. We obtain the equation

2 2 2
3+ Ji+Ji=3J;J;.
It follows that J; = Ji = 3, so the solution is given by (J;, J;, Jx) = (3, 3, 3).

The case (a,b,c,d) = (1, 1,1,3). In this case in (3.4) we have [2¥~=/ — 1| and this
expression is 0 if k — i — j = 0. Therefore, we need to study the equation

Q@ = (=D + (@ = (D) + @ — (=1)'H)?
=@~ (D)@ = (=D)H - @T — (D))

By symmetry we may assume that i < j. The small solutions with 0 < i < j < 2 can be
enumerated easily. Since we consider solutions with i, j > 0, we omit (i, j) = (0, 0). The
other solutionis given by (i, j) = (1, 1). Hence, we getthat (J;, J;, Ji) = (1, 1, 1).Ifi = 2,
then it follows that with modulo 7 there is no solution. If i > 2, then we work modulo 8 to
show that no solution exists. If k—i — j # 0, then we obtain that By = 1. As a consequence we
have thati € {1, 2}. We may exclude the casesi = 1,2 and k — j = 2 modulo 5. In a similar
way, working modulo 7 we eliminate the casesi = 1,k — j =3 andi =2,k — j = 3,4.
The remaining cases are given by i € {1,2},k —j € {0,1}.Ifi = 1,2,k — j = 0, then it
easily follows that (1, 1, 1) is the only solution. If i = 1, 2, k — j = 1, then the equation is

L+ J7 4+ T =370
Since Jj41 =2J; + (=1)/, the above equation can be written as

) 4
= (=1l —2=0.
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Thus, the only possibilities are given by J; € {&1, 2}. Again, the only solution we get is
(1,1, 1).

The case (a,b,c,d) = (1,1,2,2). Here, we compute the bounds for i in the cases
(a,b,c,d) = (1,1,2,2),(1,2,1,2), (2,1, 1, 2). Simply argument (I) is enough to show
that there exists no solution.

The case (a, b, c,d) = (1,1,2,4). The bound for i is 4 and by (I) we can eliminate the
case i = 4 when the order of the coefficients is (1, 1, 2, 4). Congruence arguments (modulo
3or7) workif (i, k — j) € {(1,2), (1, 3), (2,2), (2, 3)}. The remaining cases are

(i k—j)e{(,0),d,1),2,0),(2,1,3.0,3,1.3,2),(3,3)}.

From (i, k — j) = (1,0), (2,0), (3, 0) we obtain the solutions (by solving quadratic equa-
tions) (1,1, 1)and (3, 1, 1). If (i, k—j) = (1, 1), (2, 1), then we get Jf+4(—1)-’Jj+3 =0.
Hence, J; = 1 or 3. So we obtain the solutions (1, 1, 1), (1,3, 1), (1, 3,5). In case of
(i,k— j) = (3,1) we obtain 15Jj2 + 4(—1)ij — 11 = 0. Thus, we have the solution
(3, 1, 1). By applying the rule J,+; = 2J, + (—1)" two or three times we can reduce the
problems (i, k — j) = (3, 2), (3, 3) to quadratic equations. The formulas are getting more
involved, for example if (i, k — j) = (3, 2) we have

9+ J7 +2(4J; +2(=1)) + (=1)/TH? = 12747 + 2(=1)/ + (=1)/T1).

In this case we get that J; = 1. In a very similar way, we handle the cases with the tuples
(1,2,1,4)and (2, 1, 1, 4).

The case (a, b, c,d) = (1, 1,5, 5). Here, we need to deal with the tuples (1, 1, 5, 5), (1, 5,
1,5) and (5, 1, 1, 5). The bounds for i are given by 3, 6 and 6, respectively. Since the steps
are similar as we have applied in the previous cases, we omit the details.

The case (a, b, c,d) = (1,2, 3, 6). We only provide some data related to the computation.
Let us start with the bounds:

Tuple Bound for i Special case

(1,2,3,6) 4 -

(1,3,2,6) 2 k—i—j=0
(2,1,3,6) 4 -

(2,3,1,6) 2 k—i—j=1
(3,1,2,6) 2 k—i—j=0
(3,2,1,6) 2 k—i—j=

Asbefore we apply the arguments given by (I) and (IT) and the identity J,,+; = 2J,,+(—1)"
to resolve all the possible cases. The only new case that has not appeared yetisk —i — j = 1.
If we take the tuple (2, 3, 1, 6), then we obtain

2074307+ I — 60idj i1 =0, 3.5)
or
2021 — (=1))2 432 — (=1)/)2 + QT (—yiti+1)2
=202" = (=) - @ = (=DF) - @ — (=1, (3.6)
With respect to the values of i and j we consider the following cases (assuming that 1 < i <

J =k
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e If i and j are both even, i.e. i = 2t and j = 2r for all positive integers 7, r > 1, then
equation (3.6) becomes

E1 =24 —1)*43@ —1)2+@2 - 4" +1)2 204" —1)- (4" - 1)- -4 + 1) =0.

But E; = 4 (mod 8) for all 7, r > 1, which leads to a contradiction. Moreover, since i
and j are botheven withi > 2 and j > 2, then all the even values of i and j are excluded.

e If i and j are both odd, i.e. i = 2¢ + 1 and j = 2r + 1 for all positive integers ¢, r > 1,
then equation (3.6) implies that

Er =224 +1)24+32-4 + 1)+ -4+ 1 1)?
2Q- 44124+ 4T L =0.

Similarly, E; =4 (mod 8) forall #, r > 1, and again we get a contradiction. Indeed, all
the odd values of i > 3 and j > 3 are excluded, and it remains only to check whether
equation (3.5) has solutions or not at the following cases: i = 1, j = 1;i =1, j > 3;
Jj = 1,i > 3. In fact, since we assumed that | <i < j < k, then the latter case can be
covered by checking the solvability of equation (3.5) ati = j = 1.

e Ifiisevenand jisodd,i.e.i =2 and j = 2r 4 1 for all positive integers #, r > 1, then
equation (3.6) leads to

E3 =24 — 1) 4324 + 1)+ @+ _1)?
2@ -4+ @t _1p=o0.
Again, we get a contradiction since E3 =4 (mod 8) for all 7, r > 1. Here, we excluded
all the even values of i > 2 and odd values of j > 3, and it remains to check whether
equation (3.5) has solutions or not only at j = 1,i > 2. Similarly, this can be covered
by studying the solutions of equation (3.5) only ati = j = 1.
e Finally, if i is odd and j is even, i.e. i = 2t + 1 and j = 2r for all positive integers
t,r > 1, then similarly we have
Ey =224 + 1) 4+3@ — 12+ @t —1)?
224 4+1)-@ -1 @t =0,
and E4 = 4 (mod 8) for all ¢, > 1, which gives a contradiction. It is clear that all

the odd values of i > 3 and even values of j > 2 are excluded, and we need to check
whether equation (3.5) has solutions or notonly ati = 1, j > 2.

From these cases we conclude that it only remains to study the solutions of equation (3.5) at
i = 1 and all the integers of j with j > 1. This can be done by direct substitution and using
argument (III) as follows. It is clear that we have k =i + j + 1 = j + 2 and

2+3J] + 1, —6JJjya=0 for j=>1. (3.7)
o If j = 1, then we have that —4 = 2 4 3J} + J§ — 6J,J3 = 0, which is impossible.
e If j = 2, then we get the solution (i, j, k) = (1, 2,4). Hence, equation (3.5) has the

solution (J;, Jj, Jitj+1) = (Ji, Jj, Ji) = (J1, J2, Ja) = (1, 1, 5).
e If j > 3, we can show that equation (3.5) has no more solutions by showing that

2+3J7 + 7}y —6JjJj42 <0 for j=3.

Indeed, after substituting the Jacobsthal numbers formula J; = J; 1 +2J;_; in the left
hand side of equation (3.7) a few times we get that

24307+, —6JJjpa =2—2J7 | —24J; 1Jj 2 —24]7 , <0,
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for j > 3, and this contradicts equation (3.7).

Therefore, by permuting the components of the solution (1, 1, 5) to be a solution of equation
(3.3) at the tuple (1, 2, 3, 6) we get the solution (5, 1, 1). O
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