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1. INTRODUCTION

In the present paper we solve the title equations. It is easy to see that they lead
either to

(1) £ 4] = X2,
or to
(2) 2" £ M 4 ) = X2,

While the examination of (2) is quite simple, as well as the resolution of
2" 4£2m — | = x2, the equation

(3) '+ 2"+ 1=x

requires more calculations and the application of some deep results of Beukers
[2]. This problem has been posed by professor Tijdeman, and I heard it from
Tengely.

From a wider point of view, equations of types similar to (1) and (2) have
already been investigated. Gerono [4] proved that a Mersenne-number
M, = 2% — 1 cannot be a power of a natural number if & > 1, so the equation
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2F — 1 = x? has only the solutions (k, x) = (0,0), (I, 1). For another example, it
can readily be verified that 2¢ + 1 = x? implies (k, x) = (3,2).
Ramanujan [7] conjectured that the diophantine equation

(4) 2 —T1=x

has five solutions, namely (k,x) = (3,1), (4,3), (5,5), (7,11) and (15, 181). His
conjecture was first proved by Nagell [6]. The generalized Ramanujan-Nagell
equation

(5) *4p=x

in natural numbers k and x, where D # 0 is an integer parameter, was con-
sidered by several authors. See, for example, Apéry [1], Hasse [5], Beukers [2].
Taking D = 4 2™ £ 2, we investigate infinitely many generalized Ramanujan-
Nagell equations.

Our main result is Theorem 1. Theorems 1 and 2 have interesting con-
sequences connected to binary recurrences (Corollary 1). Finally, a corollary of
Lemma 5 states that the ratio of two distinct triangular numbers cannot be a
power of 4 (Corollary 2).

Acknowledgements. The author would like to thank professor Attila Pethd
for the useful discussion we had on this subject matter. Further, thanks are also
due to professors Robert Tijdeman and Yann Bugeaud for their kind help, and
to the referee for the valuable remarks and suggestions.

2. RESULTS
Theorem 1. [fthe positive integers n, m and x with n > m satisfy
(6) 242" =X

then
Q) (nym,x) e {24, +1,2'+1) |1€N, t > 1} or
i) (n,m,x) € {(5,4,7), (9,4,23)}.

Remarks. I. Equation (6), essentially, asks for odd natural numbers x whose
squares contain exactly three 1 digits with respect to the base 2. Theorem 1 says
that beside the infinite set x> = 1013 = 11001,, 10013 = 1010001y, ..., only
x? = 1113 = 110001, and x* = 101112 = 1000010001, possess the property
above.

I1. The solutions (i) and (ii) in Theorem 1 enable to determine all n,m € Z,
x € @ satisfying (6).

Theorem 2. If the positive integers n, m and x satisfy
(7) 2" 2" 4 =X

then
@ (n,m,x) e {(26,t+1,2'=1)|teN, t>2}or
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() (n,m,x) e {(t,r,1)|teN, t>1}or
(i) (,m,%) € {(5,3,5), (7,3,11), (15,3,181)}.

Theorem 3. If the positive integers n, m and x with n > m satisfy

(8) Py
then

@ (n,m,x)=(3,1,3).

Moreover, all the solutions of the equation

9) -2t —1=x

in positive integers n, m and x are given by

(i) (n,m,x) = (2,1,1).

One can find lots of results concerning occurrence of squares and higher pow-
ers in binary (or higher order) recurrences. See, for instance, Shorey, Tijdeman
[8], Chapter 9. Corollary 1 determines all square terms in certain binary
recursive sequences.

Corollary 1. (Corollary of Theorems I and 2.) Let d be an arbitrarily fixed nat-
ural number. Consider the binary recurrences

(10)  Gp=3Gm_1—=2Gn_3 (m>2), Gp=29+2 G =2"143;
(1)  Hu=3H, ;—2H, ; (m>2), Hy=2* H =2%1_]

(i) The only square occurring in the recursive sequence G is Gy, o, except for
the following two cases. If d = 1, then G contains three squares, namely Gy,
G; =Gy and Gy If d = 5, then Gy and G7 = Gy 1. ; are the squares in G.

(ii) If d is odd, then

(I12)  Hy=w’

impliesm=d + 2. If d > 0 is even, then equation (12) has exactly two solutions
given by m = 0 andm = d + 2, except for three cases d = 2,4, 12 when there is an
additional square, viz. Hs.

The second corollary contributes to the colorful palette of the results con-
cerning triangular numbers.

Corollary 2. (Corollary of Lemma 5.) Let [\ denote the k™ triangular number,
e Np = E(ICZLI) k > 1, k € N. Then the diophantine equation

A
(13) A—y:4’, y#x

has no solution in natural numbers x, y and t.
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3. PRELIMINARIES

Lemma 1. Let D; € Z, D; # 0. If |D;| < 2°° and 2" + D; = x? has a solution
(n,x) then

(14) n < 18+ 2log, |Dy|.
Proof. This is Corollary 2 in [2] due to Beukers.

Lemma 2. Let p be an odd power of 2. Then forall x € 7

x 0—43.5
-1 > 25

(15) ;(ﬁ F

Proof. We refer again to Beukers, [2].

Lemma 3. Let D; € N be odd. The equation 2" — Dy = x* has two or more solu-
tions in positive integers n, x if and only if Dy = 7,23 or 2F — 1 for some k > 4. The
solutions, in these exceptional cases, are given by the following table.

Dy=1 (n,x) = (3,1),(4,3),(5,5), (7, 11), (15, 181),
D2 223 ( ) (55 3)7(11745)7
=25 1,(k>4) | (n,x)=(k,1),(2k—-2,25"T-1).

Proof. See Theorem 2 in [2].

Lemma 4. A/l natural solutions (n, x) of the inequalities
(16)  0<|2"—x%| <4

in positive integers n and x are given by (n,x) € {(1,1),(2,1),(3,3),(1,2)}.

Proof. Invirtue of Lemma 1, # < 22 and the verification of all possible values
gives the solutions above. [

Lemma 5. Let t be an arbitrary positive integer. If x and y are integers satisfying
(17) Y —-1=22(*-1), y>1,x>1,

thenx=2""1andy=2""1—Ifort> 1

Proof. It is easy to see that (17) is not solvable if # = 1. Suppose that z > 1,
y > 1and x > 1 satisfy (17). Then y is odd and

(18) 21 y;rl_zz’ 2(:2 - 1).

The greatest common divisor of 25— Land? JZr lis1and 2% - 3(> 4) divides exactly
one of the terms on the left hand side of (18). Consequently, y = 2%~k + 1
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with some integer k > 1. By (17) we have y < 2'x, therefore 2°~ 'k < x. More-
over, it follows that

(19) 227 2%2 —fk=x*—1 or 22 UP4k=x-1

In the first case, clearly, k = 1 provides the solution x =2/~ 1, y = 2%~ 1 1. If
k > 1, then the inequalities

(200 X=2""HP-(k-1) <2 <K

lead to contradiction.
In the second case of (19) it follows that

@) %) < (@) k1= < (2 k1),

which is impossible. [

Lemma 6. Let n, m and x be positive integers satisfying 2 < m < nand

(22 2+2n+1=X.

Then x = 2"~ 1(2k + 1) & 1 with some k € N.

Proof. Assume that (n,m, x) is a solution of (22) under the assumptions made.

For m =2 the lemma trivially states that x is odd. If m > 3, then the con-
gruence

(23) x*=1 (mod2™)

has exactly four incongruent solutions, namely x =1, x=2" "1 -1, x =27~
+1and x = 2" — 1 (mod 2™).

The first and fourth cases are impossible because, by (22), x =2"[ £ 1,
({eN, [ >1)leads to

(24) 2" 1=2"P 42l

The second and third solutions of (23) provide

(25)  x=2""12k+1)x1, (keN). O

Lemma 7. If n, m and x are natural numbers for which m < n and n < 2m — 2,
then

(26) 242"+ 1=x

implies (n,m,x) = (5,4,7).

Proof. The conditions of the lemma give m > 4. Suppose that (r,m, x) satisfy
(26). Combining Lemma 6 and (26) we obtain

(27) "4 2m 1=/ a2 4

where r is a positive odd integer. Since 2m — 2 > n + 1, we get
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(28)  2™(1Fr) > (2rF —1)2".

Hencer=1,x=2""!—landn < m+ 1. Bym < nwe have n = m + 1 and we
can concludethatm =4, n=5Sand x=7.

Lemma 8. If D, k and x are positive integers, k > 3 and
(29)  2PHE L% L] =2
then D > 56k — 32.

Proof. Let v,(n) denote the 2-adic value of the integer n . Assume that the in-
tegers D, k and x satisfy the conditions of the lemma. By Lemma 6 we have two
possibilities for x.

A) First consider the case x = 2%~ 1(2ug 4 1) + 1, (up > 0). By (29) we ob-
tain
(30) 2P+ 1 = 2% =300 4+ 1),
where 1y must be positive and u#y = 2% ~ 3, with some positive odd integer u;.
Otherwise, dividing (30) by 2min{4 —3.2(w)} it Jeads to contradition. In the se-
quel, this type of argument will be applied without any further notice. It follows
that

(31) 2P 2 =282 %Ly 4w + 1),

Then u; + 1 = 2% ~ ly, for some suitable positive odd integer u,, and by (31) we
get

(32) 9D —dk+3 _ odk - 3(24k— Ly — 1)2+24k— Yy o+ (uy — 1).

Clearly, up # 1, up — 1 = 2% = 3u3, (u3 € N,u3 = 1 (mod 2)), further

() oD —8k+6 _ 28k—2(24kA3u3 + 1)2_24k(24k—3u3 +1)
+2% " lus 4 (w3 +5).

24k -1

It is easy to see that us +5= us, where uy is an odd natural number.

Hence
oD - 127 g1 (k=3 (o =1y, 5) 4 1)2_

(34)
_ 24k—2(24k« 1u4 _ 5) +24k~ lu4 + (M4 _ 7)

By (34) we conclude that ug — 7 = 2% ~ 2u5. Here the odd integer us = %= is
positive because k > 3 and u4 > 0. It follows that

oD —16k+9 _ 28k—5(24k—1(24k—2u5 +7) - 5)2+28k—2(24k—2u5 +7)—

(35)
= 2% s 4 (us — 12)2% 71 + (us + 21).

Finally, us+21=2% "1y, (us € Nyug =1 (mod2)), and then wus—33 =
24 =4y, leads to the equality
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(36) PP -2kl (¥ T(gH =20 | 7) 5)2+ R+ 5.,
where

(37) 01 = 2% 1 (2% 4 £ 33) =21, R, =22(2% 20, +7) - 220,
(38) S =2°2% "% 4+33)+u;, wEN, u;=1 (mod?2).

Obviously, Q; > 2% =3, 8, > 0, R > 0. Therefore 2P — 24 +14 5 232k 16 3pq
(39) D> 56k — 30.

B) In the second case replace x by 2%~ 1(2uy + 1) — 1, (o > 0) in (29) and,
similarly as above, the substitutions up = 2% "3y — 1, w; =2% "1y, 41,
Uy = 24k - 3u3 -1, us = 24~ 1u4 +5, ug = 24k‘2u5 -7, us = 24— 1u6 + 21 and
ug = 2%~ 4u; — 33 lead to the equality

(40) oD - 24k + 14 _ (24k—1Q2 + 5)2_ 80, + Ry,

where

(41)  Qy=2%"2(2%-1(2% 4y, —33) 421) -7,

(42) Ry =22(2% " 1(2% ~dy; - 33) +21) — 22 (2% ~*uy - 33) — 4,

andu; € N, u7; = 1 (mod 2). It can be proved that Q > 2% =% R, > 0 and we
have 20~ 24 +14 5 232k =13 which, together with (39), implies D > 56k — 32.
The proof of Lemma 8§ is complete. []

Lemma 9. If aand c are non-negative integers satisfying
(43) &+ (a+17= ¢,

then a =2P,P, 1\, a+ 1= P2 | — P2 or conversely, where Py denotes the k™
term of the Pell sequence defined by Py=0, Py =1 and Py =2P,_ 1+ Py _ >,
(k> 2).

Proof. Probably this is an old result. For the proof see, for instance, Cohn [3].

Proof of Theorem 1. Obviously, each element of the set
44 T={nmeN|n=2tm=1t+1,teN,;t>1}
(with some suitable x € N) satisfies the relations

(45) L4 1=x n>m>1.

Let S denote the set of solutions (n,m) of (45), further let My = (5,4) and
M; =(9,4). We have to show that the set of exceptional solutions is
S\ T = {M;, M}

Observe that 2" =7 + | = X =1 ¢ Nif (n,m) € S, further
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2 2
(46) 22n~2m_|_2n—m+1_;_1: (sz 1) .

Hence a solution (n, m) of (45) provides (2n — 2m,n —m 4+ 1) € S, except when
2n—2m <n—m+ 1, i.e. n = m. But Lemma 4 implies that the only solution
(n,m)withn =mis (2,2) € T.

In the sequel, we assume that » > m. Then the transformation

(47) T: (nm)r— 2n—2mn—m+1), (n>m)
induces a map of §'\ {(2,2)} into S.

»
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Figure 1. Map 7 on the solutions of the equation 2" + 2" + 1 = x.

The map 7 has important properties. If (r,m) € S, then let §(n, m) denote the
distance n — m of the exponents # and m.

Property 1. 6(r(n,m)) = 6(n,m) — 1. In particular, 7(n,m) # (n,m), ie. the
map has no fixed points.

Property 2. If (n,m) € T\ {(2,2)}, more precisely if (n,m) = (2¢,t+ 1), 1 > 2,
then 7(n,m) = (2(t —1),¢) € T is the ‘lower neighbour’ solution of (n,m)
in 7. Thus the elements of the set T are ordered by 7. Moreover
&(r(2t,t+ 1)) =t — 2, (t > 2) shows that all natural numbers occur as a differ-
ence of the exponents in the solution of (45).
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Property 3. If (n,m) is an exceptional solution (ie. (n,m) c S\ T), then
7(n,m) € T since 7(n,m) = (26(n,m), 6(n,m) + 1). Especially, 7(5,4) = (2,2),
7(9,4) = (10,6).

If m = 1, then Lemma 4 implies a solution with n < m, which contradicts the
assertion n > m.

Now suppose that the integers # and m satisfy 2 < m < n and (45). Recon-
sidering the map

(48) 7 S\{(2,2)}+—S

with (47), by Properties 1-3 we have to prove that there are exactly two cases
when (n,m) # (ny,my) and 7(n,m) = 7(n;,m). In other words, we must show
that the system of the equations

(49) A
(50) 2n+d+2m+d+1:y2

in positive integers n, m, d, x, y with 2 < m < n has exactly two solutions.
Taking such a solution, obviously both x > 1 and y > 1 are odd. It follows
from (49) and (50) that

51 Y —1=21("-1),

and by Lemma 5 we infer that 4 must be odd.

Observe that one of (n,m) and (n+d,m+d) has to belong to the set
T\ {(2,2)}. On the contrary, if both (n,m) and (n + d,m + d) are exceptional,
by the properties of the transformation + there exists a solution
(no,my) € T\ {(2,2)} such that 7(ny,m;) = 7(n,m) = 7(n +d,m+ d). But in
this case one of the distances |m —n|=|my—m| and |m, — (n+d)| =
lmy — (m + d)| has to be even since d is odd, which contradicts again to Lemma
5. Therefore, we distinguish two cases.

A) First let (50) be the exceptional case, consequently (n,m) € T\ {(2,2)},
and by (44) it follows that n = 2m — 2, which, together with (50), implies

(52) 22m—2+d+2m+d+1:y2-

Here, if m > 3, then the exponents m + d and 2m — 2 + d on the left hand side
satisfy the conditions of Lemma 7. Thus we conclude that m = 3,d = 1,y = 7is
the only solution of (52) (and n = 4, x = 5 of (49)). It gives M; € S. On the other
hand, if m = 2, then n = 2m — 2 < m leads to contradiction.

B) The second possibility is that (49) is the exceptional case, while
(n+d,m+d)eT\{(22)} 1e n=2m+d—2. Then by (49) we have

(53)  2mHed-loomgq=x

It is easy to show that one of the exponents must be even in (53). Since 4 is odd,
therefore m has to be even. Put m = 2r, where r € N, r > 1, andlet D =d — 2. If
D = —1, then (53) is equivalent to
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(54) 2" 142¥41=x

Observe that the left hand side of (54) is a sum of (22 ~1)% and (22~ ! +1)%,

hence a =2% -1, ¢+ 1 and x form a Pythagorean triple. Since « is even, by

Lemma 9 we have 2% ~! = 2P, P, ., with some n € N. Therefore, both P, and

P, . | are power of 2, which is impossible if n > 2 because P, and P, . are co-

prime. Since Py = 0, the only possibilityiszn = 1, but 1 -2 # 22 ~2,
Consequently, D > 1 and we have

(55) 2P v 42r 4 1=x"

The left hand side of (55) is quadratic residue (mod 5) if and only if r is even.
Putr =2k, (k € N, k > 1). Thus

(56)  2PFB L% 41 =2
which is equivalent to

(57) Eg_z_ﬁ— 1= D+sk(x+21)_+2_8k) :

273

Applying Lemma 2 to the left hand side of (57), and using that (56) gives
¥ < x, we obtain

9 —435 2% 11
2(D +8k) - 09 <2_2D+8k'

(58)

We see that 2% + 1 < 2%+ 05if k > 1, and by (58) it follows that
(59) D < 32K+ 430.

On the other hand, considering (56), Lemma 8 provides D > 56k — 32, which,
together with (59) implies k& < 19. Finally, applying Lemma 1 to (56) with
Dy = 2% + 1, (k < 19) we conclude that D < 19, too. A simple computer search
shows that equation (56) with odd D < 19 and &k < 19 has only one solution
D=1, k=1, x=23. Hence we obtain the third exceptional solution of (45):
(n,m) = (D + 8k, 4k) = (9,4), and there are no others. So the proof of Theorem
1is complete.

Proof of Theorem 2. Suppose that (n,m,x) € N? is a positive solution of the
diophantine equation

(60) 212" 41 =X

Consider the case n > m. First let m > 4. Then (60) is equivalent to the equation
(61) 2" — Dy =%,

where the positive number D, = 2" — 1 is odd. By Lemma 3, we find

(62) (n,x) = (m,1), 2m—-2,2""1-1)
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as the set of all the solutions of (61) with m > 4. This result leads to the follow-
ing solutions of (60):

(63)  (mmx)=(1,1,1), teN, 1>4
(64) (n,m,x) = (2t,t+1,2" = 1), teN, >3

The famous case m = 3 of (60) has five solutions given by the table in Lemma 3.
Among them (n,m, x) = (3,3, 1) can be joined to the set (63) with the parameter
t = 3, moreover, (n,m,x) = (4,3,3) to the set (64) with £ = 2.

If m=2 or m=1, then Lemma 4 gives the result (n,m,x) = (2,2,1) or
(n,m, x) = (1,1,1), respectively. These triplets may be added, for example, to
(63) with ¢ = 2 and with ¢ = 1, respectively.

Finally, it is easy to see that (60) has no solution with 0 < n < m. Avoiding
the repetitions we may summarise the results above as Theorem 2 states.

Proof of Theorem 3. Assume that (1, m,x) € N’ with n > m > 0 is a solution of
the equation

(65)  2"42" —1=x%
If m > 2, then 2" + 2™ — 1 is a quadratic non-residue modulo 4; if m = 1, then
apply Lemma 4 to have (n,m,x) = (3,1,3).
Now suppose that (r,m,x) € N is a solution of the equation
(66) 2" -2"—1=x"

Clearly, n > mand m < 2. For m = | apply Lemma 4 to prove the statement.

Proof of Corollary 1. Both sequences G and H have companion polynomial
¢(x) = x* — 3x + 2 with zeros x = 2 and x = 1. It is well known that the terms
G (and H,,) can be expressed in explicit form. Here by ag = G; — Gy = 24 11
(ag =H; — Hy=2% —1) and by bg = =G, +2Gy =1 (by = —H, +2Hy = 1)
we have

(67)  Gu=ag2™ +bg=2"""42"+1,

(68)  H,=ag2" +bg=2"%4_2m 41,

Thus to determine all the squares in the recurrences G and H is equivalent to
solve the equations (6) and (7) with n = m + d (i.e. n > m).

Proof of Corollary 2. A, =4'A, (y # x, y > 0, x > 0) implies
(69) M -1=4"(x-1),

where y; =2y + 1 > 3 and x; = 2x + 1 > 3. In virtue of Lemma 5, (69) has no
solution under the given conditions.
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