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ABSTRACT

The positive integer x is a (k, [)-balancing number for y (x < y — 2) if
2t a-Df =@+ D'+ + -1

for fixed positive integers k and /. In this paper, we prove some effective and ineffective finiteness
statements for the balancing numbers, using certain Baker-type Diophantine results and Bilu-Tichy
theorem, respectively.

1. INTRODUCTION

Let y, k and [ be fixed positive integers with y > 4. We call the positive integer x
(< y—2)a (k,1)-power numerical center for y, or a (k,l)-balancing number for y
if

(1) =D =@+ D+ + =D
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The special case k = [ of this definition is due to Finkelstein [9] who proved that
infinitely many integers y possess (1, 1)-power centers (see also [2]), and that there
is no integer y > 1 with a (2, 2)-power numerical center. The proofs depend on the
theory of Pell equations and the resolution of the Thue equations X3 423 =11
and 33, respectively, in integers X, Y. We note that the particular case k =1 =1
is strongly related to another problem called the house problem (see, for example,
[1]). In his paper, Finkelstein conjectured that if k£ > 1, then there is no integer
y > 1 with a (k, k)-power numerical center. Later, using a result of Ljunggren
[11] and Cassels [7] on triangular numbers whose squares are also triangular,
Finkelstein [14] confirmed his own conjecture for £k = 3. Recently, Ingram [10]
proved Finkelstein’s conjecture for k = 5.

In this paper, we prove a general result about (k, /)-balancing numbers. Unfortu-
nately, we cannot deal with Finkelstein’s conjecture in its full generality. However,
we obtain the following theorem.

Theorem 1. For any fixed positive integer k > 1, there are only finitely many
positive pairs of integers (y,l) such that y possesses a (k,l)-power numerical
center.

The case k = [ has already been dealt with recently by Ingram [10] with a method
similar to ours. The proof splits naturally in two cases. The first case is when 1 <
[ < k. Since k is fixed and there are only finitely any such /, we may assume that
[ is also fixed. Our proof now uses an ineffective statement of Rakaczki [13]. The
second case is when k < [, and here we show by Runge’s method that there are no
positive integers y possessing a (k, /) numerical center.

Because of the use of the result from [13], our Theorem 1 is ineffective in case
[ < k in the sense that we cannot provide an upper bound for possible numerical
centers x in terms of k unless / = 1 or [ = 3. In these cases, we have the following
theorem.

Theorem 2. Let k be a fixed positive integer with k > 1 and [ € {1,3}. If
(k,1) # (1, 1), then there are only finitely many (k,l)-balancing numbers, and these
balancing numbers are bounded by an effectively computable constant depending
only on k.

We note that some numerical centers do exist. For example, in the case (k,1) =
(2, 1), we can rewrite equation (1) as

203 +4x = 3y2 — 3y,
which is an elliptic curve whose short Weierstrass normal form is u> 472u 481 = v?
(via the bi-rational transformation v = 18y — 9 and u = 6x). Using the program

package MAGMA, we solved this elliptic equation and its solutions lead to three
(2, 1)-balancing numbers x, namely 5, 13 and 36.
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2. AUXILIARY RESULTS

For the proofs of our results, we need some auxiliary results. For an integer & > 1,
we write

Se(x) =15 425 4. 4 (x = DX

These expressions are strongly related to the Bernoulli polynomials. In the next
lemma, we summarize some of the well-known properties of Bernoulli polynomials.
For the proofs, we refer to [12].

Lemma 1. Let B,(X) denote the nth Bernoulli polynomial and put B, = B,(0)
forn=1,2,.... Further, let D,, be the denominator of B,,. We then have:

(A) Si(X) = 7 (Bis1 (X) — Biy1);

(B) B.(X)=X"+Y_, () Bix";

(©) By(X)=(=1"B,(1-X);

(D) B = —% and Byp11 =0forn > 1;

(E) (von Staudt—Clausen) Don =[1,_114. p prime P

(F) 0and 1 are double zeros of Sk (X) for odd values of k > 3. Further, 0 and 1 are
simple zeros of S(X) for even values of k.

We shall also need the following lemma (for some results of a similar flavor, see
the Appendix to [3]).

Lemma 2. Let p be prime. Assume that the sum of the digits of n in base p is > p.
Then there exists an even positive integer k < n such that p divides the denominator
of the rational number

(£)»
when written in reduced form.
Proof. Let first p be odd. Then
n=n1p* +---+np*,
here 0 <o) <---<a;and ny,...,n, €{1,..., p— 1}. We now select non-negative

integers m; fori =1, ..., ¢, such that m; <n; and 2521 m; = p — 1. It is clear that
this can be done since Z§=1 n; = p. We put

t
k= Zm,-p“i.
i=1

Then, k < n. Further, reducing k modulo p — 1, we get that k =Y ', m; (mod p —
1), therefore (p — 1) | k. In particular, & is even and p divides the denominator of B.
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Finally, by a well-known theorem of Lucas (see [8], p. 271, items 76 and 77), we

have
n L (n
= ' (mod p),
(1)=11(»)

therefore p does not divide (Z), which completes the proof of the lemma in this
case.

Ifp=2,thenn=2% 4+2%2 ... 4+2% withO< o) <ap <--- <o and t > 2.
Then, taking k = 2%2, we see that k < n, k is even, and, by Lucas’s Theorem, (Z) is
odd. Since 2 divides the denominator of By, we get that 2 divides the denominator

of (’]Z)Bk. O

The next lemma is based on a recent deep theorem of Bilu and Tichy [4], as
well as on the indecomposability of the Bernoulli polynomials proved by Bilu et al.
in [3].

To present Lemma 3, we define special pairs (I, g(X)) as follows. In the sequel,
we let §(X) € Q[X] be a linear polynomial, and ¢(X) € Q[X] be a non-zero
polynomial. Further, for [ odd, S;(X) can be written in the form ¢;((X — 1/2)?)
with some appropriate polynomial ¢;(X) € Q[X], see [13]. We now define special
pairs (I, g(X)) as follows:

Special pair of type I: (1, S;(q(X))), where q(X) is not constant.

Special pair of type II: | is odd and g(X) = ¢;(8(X)q(X)?).

Special pair of type III: | is odd and g(X) = ¢;(c8(X)"), where ¢ € Q \ {0} and
t > 3 is an odd integer.

Special pair of type IV 1 is odd and g(X) = ¢;((a8(X)?> 4+ b)q(X)?), where a, b €
Q\{0}.

Special pair of type V: 1 is odd and g(X) = ¢(q(X)?).

Special pair of type VI: | =3 and g(X) = 8(X)q(X)>.

Special pair of type VII: | =3 and g(X) = q(X)>.

Lemma 3. Let ! be a positive integer and g(X) € Q[X] be a polynomial of degree
greater than 2. Then the equation

Si(x) =g(y)

has only finitely many integer solutions x and y, unless (I, g(X)) is a special pair.
Proof. Thisis Theorem 1 in[13]. O

We now rewrite equation (1) using the polynomials Si(x) and S;(y) as the
Diophantine equation

2 Sk(x) + S (x + 1) = Si(y).
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Lemma 4. Assume that k <[ and put
3) PO =X+ 1)’ = Si(X) € Q[X].

Put xqg for the largest real root of P(X). If x and y is an integer solution to the
Diophantine equation (2), then x < xo. In particular, if either P(X) has no real
root, or xy < 2, then the Diophantine equation (2) has no integer solutions x > 2
andy>x+2.

Proof. Suppose that the integers x > 2 and y > x + 2 satisfy (2). Since k < [, it
follows that the leading coefficient of P (X) is positive and deg(P) = 1.

Clearly, if P(X) does not possess a real root, or if xg < 2, or if 2 < xp < x, then
P(x) = (x + 1) = Sg(x) > 0. Then

@ =S <0< (e D = Se).

Increasing both sides of the inequality (4) by x! 4 Sy (x) + S;(x), we get
) Si(0) < x5k (0) + S1(x0) < (D' 2+ 500,

which leads to

(6) Si(x) < Sk(x) + Si(x + 1) < Si(x +2).

Since (x, y) is a integer solution of (2), we get that Sk (x) + S;(x 4 1) can be replaced
in (6) by S;(y). Thus,

(7 Si(x) < Si(y) < Si(x +2).

The properties of the polynomial S; together with inequalities (7) imply that y =
x + 1. Thus, by (2), Sx(x) =0, which is impossible. O

The following three results yield information on the structure of zeros of certain
polynomials.

Lemma 5. Let p(X) = a, X" + --- + a1X + ag be a polynomial with integral
coefficients for which ag is odd, 4 | a; for all i =1, ...,n, and ordy(a,) = 3. Then
every zero of p is simple.

Proof. Thisis Lemma4in[6]. O

One of the most surprising theorem on zeros of certain polynomials related to
Sk (x) is due to Voorhoeve, Gyory and Tijdeman [15]. They proved if k ¢ {1, 3, 5}
then the polynomial Si(x) + R(x) possesses at least three zeros of odd multiplicities
for every polynomial R(x) with rational integer coefficients. Of course, this general
statement is not true for some polynomials with rational coefficients, however, we
obtain Lemmas 6 and 7.
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Lemma 6. FEach one of the polynomials
Fi(X)=885(X)+ QX +1? k>1,
has at least three zeros of odd multiplicities.

Proof. Let d be the smallest positive integer for which
8d(Bi+1(X) — Brt1) € ZIX].

Then, by (D) and (E) of Lemma 1, d is an odd square-free integer. We now show
that the polynomial

Py(X) =8d(Bi1(X) — Biy1) +d(k+ DX + 1)

has at least three zeros of odd multiplicities. Note that the leading coefficient of P;
equals 8d. Since d is odd and is the smallest positive integer such that 8d (B4 (X) —
Bi+1) € Z[ X1, it follows that the content of P;(X) (i.e. the greatest common divisor
of all its coefficients) is a power of 2 dividing 8.

If k is even, the fact that P;(X) has at least three simple zeros is a simple
consequence of Lemma 5.

Assume now that k is odd. If P;(X) is associated to a complete square in Q[X],
then we get that

®) Pi(X)=aR(X)?,

where a is an integer and R(X) € Z[X] is a polynomial with positive leading term.
By writing a = a;r?, with integers a; and r such that a; is square-free, and by
replacing R(X) by rR(X), we may assume that a is square-free. It is clear that
a > 0. We also assume that k > 5, since the case kK = 3 can be checked by hand.

If2 | k+ 1, it is then easy to see that the content of P;(X) is 2 (all the coefficients
of Py (X) are even, and the last is d (k + 1), therefore it is not a multiple of 4). Hence,
by Gauss Lemma, a = 2 and the content of R(X) is 1. Writing

R(X) =aoX* V2 4 x* D2 4ot aggy ),

and identifying the first three coefficients in (8), we get

8d = aa(z), —4d(k + 1) = 2aapa,, M = a(al2 + 2a0a2).
The first relation above forces agp = 2 and d = 1. The third relation above shows
that a; is even, therefore 2aapa; is a multiple of 16. Now the second relation above
contradicts the fact that 2 || k + 1.
If4 | k + 1, then the content of P;(X) is 4, unless (see Lemma 2) k + 1 is a power
of 2, in which case it is 8. Thus, @ = 1, unless k + 1 is a power of 2, in which
case a = 2. Identifying leading terms in (8), we get that 8d = aa(z), therefore d = 1
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and @ = 2. Thus, k + 1 = 2%, for some « > 3. However, since d = 1, it follows, by
Lemma 2, that the sum of the digits of k 4+ 1 in base 3 is at most 2. Thus, since
k 4+ 1 is not a power of 3 (because k + 1 is even), we get that k + 1 =3# + 37 for
some 0 < B < y. Hence, 2% = 38 4 37, therefore g = 0. Since the largest solution
of the Diophantine equation 2¢ = 1 +3” isa =2, y = 1, we get k + 1 = 4, therefore
k =3, which is a contradiction.

We now have to exclude the remaining case in which

9) Pi(X) = (aX?+bX + c)R*(X),

where both aX? + bX + ¢ and R(X) are in Z[X], such that a X% + bX + ¢ has two
distinct zeros. Up to replacing R(X) by —R(X), we may assume that the leading
coefficient of R(X) is positive. Further, because the content of P;(X) is a power of
2 dividing 8, it follows that ged(a, b, ¢) is a power of 2. By writing ged(a, b, c) =
2% for some non-negative integer «, and replacing R(X) by 2\%/2I R(X), we may
assume that @ = 0, or 1. Hence, gcd(a, b, ¢) is either 1 or 2.

If kK + 1 is even but not divisible by 4, then P;(X)/2 is a polynomial in Z[X]
having odd constant term and all other coefficients even. Thus, P;(X)/2 =1
(mod 2). Hence, it can be factored as

Pi(X)/2 = (251(X) + 1)*(25:(X) + 1),

with some polynomials S; (X) € Z[X] for i = 1, 2. However, the leading coefficient
of P;(X)/2 is not divisible by 8.

Assume now that 4 | k + 1. When k = 3, one can check by hand that P;(X)
does not have the form shown at (9). Assume now that k + 1 > 8. Note that the
content of P;(X) is 4, unless k + 1 is power of 2, when it is 8. It now follows that
Ri{(X)=R(X)/2 € Z[X]. Thus,

(10) Pi(X)/4=(aX*+bX +c)Ri(X)*.
We now write
Ri(X) =apX® D2 4 gy x®=D/271 4 gy x®=D272 a0,

Identifying the first three coefficients in P;(X)/4, we get, on the one hand the
polynomial

dk(k + I)Xk_l 4

Pi(X)/4=2dX"*" —dk + )X + S

while on the other hand the polynomial

(aX2 +bX + c)(a%Xk’l + 2aoa1Xk72 + (a% + 2aoa2)Xk73 + - )
= aa(%Xk+1 + (ba% + 2aa0a1)Xk
+ (ca(z) + 2bapa +a(a% + 2a0a2))Xk*1 +--
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which leads to the relations
aa% =2d, baé + 2aapa; = —d(k+ 1)

and

dk(k +1)

ca(% + 2bapa; + a(a]2 + 2a0a2) = G

The first relation above shows that ag = 1, a = 2d. The second one now becomes
(11) b=—d(k+1+4ay),

while the third one now reads

d(k(k+1)

(12) ¢ =d(2(k + Day + 6ai — 4ar) + G

Clearly, d | a and the above relations (11) and (12) for b and ¢, show that d | b, and if
there exists a prime p > 3 such that p | d, then p | gcd(a, b, ¢). Since ged(a, b, ¢) €
{1, 2}, we get that d = 1 or d = 3. To rule out the possibility that d = 3, assume that
3| k 4 2. Then the above formula (12) for ¢ shows that d = 3. Identifying the last
coefficient in (9) and using the fact that Sx(0) = 0 (by (F) of Lemma 1), we get

(13) d(k+1) = cQag-1)2)?,

and since 3 divides d but not k + 1, we get that 3 | ¢. Since d | @ and d | b, we
obtain 3 | ged(a, b, c), which is again a contradiction. Thus, 3 does not divide
k + 2, therefore 3 | k(k + 1). Now relation (12), shows again that d | ¢. Hence,
d | gcd(a, b, c), which implies that d = 1.

Lemma 2 implies now that the sum of the digits of X + 1 is base 3 is < 2. Since
41k + 1, we get that kK 4+ 1 cannot be a power of 3, therefore k + 1 = 3%0 4 3%
for some 0 < o9 < 1. Since 4 |k + 1, and k + 1 = 3%0(3*17% 4 1), we get that
4| 39170 4 1. This shows that a; — «g is odd. Further, since for an odd positive
integer s, we have that 4| 3° + 1, we get that (k + 1)/4 is odd. Clearly, 2| a and
relation (12) show that ¢ is even. Now relation (13) together with the facts that ¢ is
even and 4 || k + 1 leads to a contradiction. O

Lemma 7. Each one of the polynomials
R0 =45 X))+ X2 (X + 1 k> 1Lk#3,
has at least three zeros of odd multiplicities.
Proof. We follow the same method as in the proof of Lemma 6. We use again d for
the least positive integer such that 4d(By+1(X) — Bi+1) € Z[X]. By (D) and (E) of

Lemma 1, we have that d is odd and square-free.
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For the polynomial F>(X), we have
Py(X) =4d(Bx+1(X) — Beg1) +d(k + DX*(X + 1)? € Z[X].
Assume first that k + 1 is odd. We then have to exclude the case when
Py(X) = (aX +b)R*(X),

where a X +b and R(X) € Z[X]. Since d is square-free and odd, further O is a simple
zero of P>(X) (by (F) of Lemma 1), we obtain

Py(X) =aXR*(X).

The coefficient of X in R?(X) is even, thus the coefficient of X2 in P>(X) is also
even, which is a contradiction.

Assume now that k + 1 > 4 is even. Then, we have to exclude that either P, (X) =
aR(X)?, or Py(X) = (aX?*+ bX + ¢)R(X)? with some polynomial R(X) € Z[X],
and some integers a, b and ¢, with a # 0.

We first look at the case P>(X) =aR(X)>. We may assume again that R(X) has
positive leading coefficient and that a > 0 is square-free. The content of P,(X) is a
power of 2, therefore a = 1 or 2. We assume that k + 1 > 8, since the smaller cases
can be checked by hand. Writing

R(X) =agX*tD/2 4 g x*+D2=1 4

and identifying the first 5 coefficients we get, on the one hand, that P,(X) is the
polynomial

d(k + Dk
4dX* ' —2d(k + DX+ %X"’l

_dk+ Dk(k— Dk -2 yk-3
180

(note that k — 3 > 4, therefore the first 5 terms in P>(X) are the same as the first 5
terms in 4d S; (X)), while on the other hand, we get the polynomial

aa(z)XkJrl + 2aa0a1Xk + a(al2 + ZaOaZ)Xk_l + aRapas + 2a1a2)Xk_2
+ a(a% + 2apaq + 2ala3)Xk_3 + -

Hence, we obtain the relations

d(k+ Dk

(14) 4d=aa§, —2d(k + 1) =2aapa, - — =aa%+2aa0a2,
as well as

k+1\2d
(15) 2aapaz + 2aaja; =0 and aa% + 2aapas + 2aai1a3 = —( : )E
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The first relation in (14) above together with a € {1, 2}, gives d = 1, ap = 2, and
a = 1. Hence, by Lemma 2, k + 1 is either a power of 3, or of the form 3% 4 3# for
some 0 < o < B. Since k + 1 is even, it cannot be a power of 3, therefore k + 1 =
39(3F~* £ 1). If B — « is even, then 2| k + 1, and if B — « is odd, then 4 || k + 1.
Now, the second relation in (14) above gives a; = —(k + 1) /2, and the third relation
in (14) above together with the fact that k + 1 is even shows that a; is even. Thus,
4|k 4+ 1, which shows that (k+1) is odd. Finally, since ag and a; are both even,

4
reducing the second of relations (15) modulo 4 we get

a3 =2 (mod4),

which is the desired contradiction in this case.
It remains to deal with the case when

(16) Py(X) = (aX? +bX +c)R(X)?,

where a, b, ¢ are integers and R(X) € Z[X]. As before, we assume that R(X) has
positive leading coefficient, that a > 0, and ged(a, b, ¢) =1 or 2.
We write

R(X) =agX* V2 4 a, x* D271 o agy ),
assume that k > 5 and identify the first three coefficients in (16) to get
(17) aal =4d, ba + 2apaa; = —2d(k + 1),

and

dk(k +1)

(18) caé + 2baga; + a(a% + 2a0a2) = 3

The first relation (17) shows that d | a and then the second relation (17) shows that
d | b. Now relation (18) shows that if there exists a prime p > 3 dividing d, then
p | ged(a, b, ¢), which is a contradiction. Thus, d is a divisor of 3. To rule out the
case d = 3, suppose that 3 | k + 2. Then, relation (18) shows that d = 3. Evaluating
relation (16) at x = 1 and using (F) of Lemma 1 (for Sx(1) = 0), we get

4d(k+1) = (a+ b+ c)R(1)>.

Since 3 | k + 2, we get that 3 does not divide k£ + 1. Hence, 3 | (a + b + ¢), and since
3 divides both a and b, we get that it divides also ¢, which is again a contradiction.
Thus, d = 1, and since k + 1 is even, we get that k + 1 =3% + 38 with 0 < a < B. If
B —aiseven, then2| k+ 1andif 8 —« is odd, then 4 || k + 1.

If 4| k + 1, then 4(kII)B4 is the coefficient of X*~3 in P»(X) and it is even but
not a multiple of 4, while if 2|/ k + 1, then 4(k“2Ll)B2 is the coefficient of X*~! in
P>(X), and is also even but not a multiple of 4. In conclusion, the content of P;(X)
is 2, which means that ged(a, b, ¢) = 2.
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We now return to relations (17) and (18) and note that ag € {1, 2}. If ap = 2,
then a = 1, which is false. Thus, ap = 1 and a = 4. Now the second relation (17)
shows that 4 | b. Relation (18) shows that 4 | ¢ too, which leads to the contradiction
4 =gcd(a, b, c), unless 2 || k + 1. So, let us assume that 2 || k + 1. Note that in this
case relation (18) implies that ¢ =2 (mod 4).

Now let us note that by (F) of Lemma 1, we have that 0 is a double roots of S (X).
Thus, 0 is also double root of P»(X). Hence, ag—1)/2 = 0. Put F(X) = P»(X)/X?,
and Ry (X) = R(X)/X. Identifying the last two coefficients in the equation

F(X) = (aX?+bX +¢)Ri(X)?
= (aX2 +bX + C) ( o+ 2ax—3)pa¢k—5)2X + a(2k73)/2),

we get

2k(k 4+ 1) By +k + 1 = cag—3,2)"

(19) :
2k + 1) =2cag—3)2a4-5)2 + ba(k_3)/2.

The first relation (19) shows that 2k (k+ 1) By € Z. Since By_ is a rational number
whose denominator is an even square-free integer, it follows that 2k(k + 1) By is
congruent to 2 modulo 4. Since 2 || k + 1, we get that the left-hand side of the first
equation (19) is a multiple of 4. Since 2 || ¢, we get that a_3)/2 is even. We now
immediately get that the right-hand side of the second equation (19) is a multiple of
8, whereas its left-hand side is not. This final contradiction concludes the proof of
this lemma. O

Finally, we recall a special case of a result by Brindza [5].

Lemma 8. Let f(X) € Q[X] be a polynomial having at least three zeros of odd
multiplicities. Then the equation

fx)=y?

in integers x and y implies that max(|x|,|y|) < ¢, where c¢ is an effectively
computable constant depending only on the coefficients and degree of f.

Proof. See Theoremin[5]. O

3. PROOFS

We start with the proof of Theorem 2 since it will be needed in the proof of
Theorem 1.

Proof of Theorem 2. Since

Si(x) = x(x—z_”

x(x — 1\?
)

and S3(x) = (
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equation (1) leads to the equations
88k (x) + (2x +1)* = 2y — 1)?
and

45,0 + (x(xr + D) = (y(y — D),

respectively. Now, apart from the case when in the second equation k = 3, the fact
that such equations have only finitely many effectively computable integer solutions
is a simple consequence of Lemmas 6—8. We recall that Finkelstein resolved the
case (k,l) = (3, 3). Thus, our proof is complete. O

Proof of Theorem 1. We first assume that k =/ > 3.
If x is a (k, k)-balancing number for y, then, from (1), we have

28k (x) + xF = S (y).

Recall that for odd values of k, Si(X) = ¢r((X — 1/2)%) with an appropriate
polynomial ¢y (X) with rational coefficients, and the leading coefficient of Si(X)
and ¢ (X) is 1/(k + 1). We show that the identities

28c(X) + X* = Sk (8(X))
and, for odd %,
25:(X) + X* = g (q(X)).

where §(X) and ¢g(X) are polynomials with rational coefficients of degree 1 and
2, respectively, are impossible. Indeed, if the leading coefficient of §(X) or ¢(X)
is a € Q, then the leading coefficient of S;(8(X)) or ¢x(q(X)) is a**'/(k + 1) or
ak%l/(k + 1), respectively, which cannot be 2/(k + 1). Thus, (k,2Sx(X) + X5y is
not a standard pair, and now Lemma 3 completes the proof.

We follow a similar approach for k > > 1. By Theorem 2, we may assume that

l ¢S{i117c3e}}c is fixed, and there are only finitely many such /, we may assume that / is
also fixed. Then, from (2), we have
Sk(x) + Si(x + 1) = S (y).
We prove that the identities
(20) Sk(X) + S(X + 1) = Si(¢(X))
and, for odd I,
QD) SO+ S+ =¢i(q(X)),
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where ¢(X) is a polynomial with rational coefficients, are impossible. Let d and a
be the degree and leading coefficient of ¢(X). On comparing the degrees and the
leading coefficients in (20) and (21), we obtain

k+1=(+1d and — a’
= an —_— s
k+1 1+1
and
1+1 1 a?
22 k+1l=—gd and — = ,
(22) tl=—d ad =

respectively. From these relations, we get a? = 1/d or 2/d. Since d > 1, we see
that a = 1/b, where b is an integer, and b = d or b = d /2. The first equation has
no integer solutions with d > 1, while the only solution in integers of the second
equation with d > 1 is d =2, b = £1. However, when d = 2, the first relation (22)
shows that k = [, which is not allowed.

We now deal with the case [ > k.

In this case, the fact that equation (2) has no positive integer solutions x and y is
a direct consequence of Lemma 4. By that lemma, it is sufficient to show that the
polynomial P(X) = (X 4 1)/ — S;(X) has no real zero > 2. The estimate

X
Sk(x)=1k+2k+---+(x—1)k</tkdt=
0

PN I
<5
k+1 "2

provides

1
P(x)z(x+1)l—5k(x)>(x—|—1)l_%>()

for all x > 0. Thus, there is no (k, [)-balancing number with k <. O
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