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Abstract

Sawmills are an important stage in the primary wood industry,
producing timber and other side products from harvested logs. In-
creasing efficiency in a sawmill is not only an economic desire, but
it also propagates to the competitiveness of using more renewable
resources in dependent industries such as construction, packaging,
furniture. Although the road from a tree log to a shipped product
involves many stages, the key processing step is the sawing per-
formed by high-value sawing machines. As the operation of these
machines plays a key role in overall efficiency, several research
papers have addressed their scheduling. Naturally, allowing more
freedom in the production plan may result in better financial results
in exchange for increased computational needs of the optimizer.
However, more complex schedules may also pose an additional bur-
den in their real-life execution. This paper presents several variants
of a model formerly proposed by the authors and investigates this
trade-off relationship empirically.
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1 Introduction and literature

The increasing utilization of renewable resources is a major direc-
tive of many nations and companies around the world. Wood is a
natural resource that not only serves as a great carbon sequestration
tool, but it is a suitable raw material for many industries, including
construction and interior design, paper, packaging, and the boat
industry. After logging, sawmills are generally the first stage in
timber processing regardless of the end-use industry. Their main
task is to turn unprocessed logs from the forest into well-cut lumber.
While this is a multi-stage process, the main step is the sawing itself
that can be done by two of the main machine types: band saws
and frame saws. The efficient operation of these machines have
a significant impact on the whole plant, thus, several works have
addressed this issue. Efficiency is tackled on both the operational
and the planning level by designing cutting patterns and schedul-
ing, respectively [6]. A tree log may be cut in different patterns
yielding different quantities of different products, as shown by in
Figure 1. Designing patterns based on long-term demands for prod-
ucts, statistics about defects, etc. is a well-researched topic in the
literature. Moreover, scanning tools available on modern sawing
machines can provide real-time information about logs to make
such decisions adaptive [5]. On the planning level, selecting the
cutting patterns and the corresponding log quantities for each shift
while considering orders, available logs, storage capacity, etc. is a
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scheduling problem. The base problem was introduced by Zanjani
et al. [7] and Maturana et al. [9] for the stochastic and deterministic
cases, respectively. Subsequent works extended the approach in
various directions, e.g., addressing uncertainties [2, 11], integrating
cutting pattern selections [3, 10], or minimizing waste [4].
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Figure 1: Cutting patterns for test cases in Section 5

In this paper, a previously proposed model by the authors [8] is
further investigated, that addressed issues prevalent for small-scale
sawmills: workforce availability and operation differences between
sawing technologies. Compared to band saws, the changeover time
for switching cutting patterns on a frame saw is non-negligible, thus
the same formulation is not applicable in short-term scheduling.
The proposed model introduced a significantly different formulation
for the behavior of the frame saw, that only allows one change per
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shift following industry practice. In later Sections this base model
will be referred to as C-EK, where EK (expert knowledge) indicates
at most one change in a shift, that may be timed continuously (C)
at any time.

The aim of this work is to investigate, whether allowing more
cutting pattern changes on a frame saw would yield significantly
better results due to a broader solution space, and/or does it in-
crease the computational costs comparably. While allowing such
flexibility in a mathematical model may be simple, one has to keep
in mind, that the execution of overly complicated schedules in an
non-automated small-scale plant is not realistic, thus a set of models
will also be introduced, where cutting pattern changes may only
happen at predefined discrete (D) time points, as detailed in Section
4. Another decision freedom, whose effect will be investigated in
Section 5 is the possible reallocation of the workforce from one
machine to another during a shift, as discussed in Section 3.

2 Problem definition

The objective is the same as in [8]: minimizing the under-production
cost in a small-scale sawmill equipped with one frame saw and one
band saw. The sawmill may operate in multiple shifts, however,
from the modeling point of view, only the total number of shifts is
relevant. Thus, without the loss of generality, it is assumed, that
each day has a single shift (of length H), and the two terms are used
interchangeably. For each day (d € D), the number of specialists

(HRSP ) and additional workers (HR?W) are given, along with the

requirements to operate each machine (RRSP -F , RRSP ’B,RRAW’F ,

RRAW-B) Resource related data is also given, i.e., the quantity (I)
and volume (V}) of logs of different sizes (I € £) all available at
the start of the planning horizon. For each log size several cutting
patterns (P; C $) may be available with known yields (Y;,p) for
lumber products (¢ € 7°). For each shift the production planner may
decide which machines to operate and how many logs with which
cutting patterns are processed.

By allowing different flexibilities, several different problem defi-
nitions will be addressed by their corresponding models:

C-EK Original problem from [8]: the frame saw may change
cutting pattern once per shift, but a saw is either operating
through the whole shift or not.

C’-EK Same as C-EK, but the frame saw may also be turned
on/off, and the workforce reallocated to the band saw instead
of changing the pattern, once per shift.

DLK] The shift is subdivided into k segments of equal length.
Pattern changes and workforce reallocations are allowed
only at the end of these intervals.

DLK]-EK Same as D[K], but the frame saw is allowed to change
cutting patterns at most once a day.

If OPT(M) denotes the optimal (minimal) solution for the prob-
lem/model M, the following inequalities will hold naturally:

e OPT(C'~EK) < OPT(C-EK)

OPT(C’-EK) < OPT(DLX1-EK)

OPT(D1) = OPT(D1-EK)

OPT(DLX]) < OPT(DL[X1-EK)
OPT(DLY]) < OPT(DLX1)if X | Y
OPT(DLY1-EK) < OPT(DLX1-EK) if X | Y
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3 Model with workforce reallocation: C’ -

The event, when worker reallocation is also possible in addition
to pattern changes on the frame saw, will be referred to as the
changeover. As this model is based on C-EK, constraints (1)-(5),
(7)-(8), and (10) from [8] are copied verbatim, expressing the objec-
tive, storage balances, daily production quantities, inventory limits,
frame saw production bounds before the changeover, and frame
saw activation bounds.

Binary variables w§ and wg are split to wg’_ ,wg = and wh i wg *,
indicating whether the machines are active before or after the
changeover. Duplicated versions of constraints (15)—(16) with these
variables are also copied to express human resource needs. Su-
perscripts + and — will indicate such division similarly in other
variables, and + will be used to indicate both cases.

The band saw time capacity constraint is reformulated as:

D STy -qh, <7y
peP

B+
+Td

vde D (1)

Where variables Tg’i € [0, H] represent the available band saw
cutting time, linked to changeover timing by the following con-
straints:

5iSH wg’i Vde D, +e{—+} (2)
B <y VvieD (3)
B <oy VieD (4)

Constraint (2) activates B
in the corresponding part of the shift, while constraints (3) and (4)
bound them by t; and H — t4, respectively.

For the frame saw, the following constraint limits the production
after the changeover:

only when the band saw is active

FCT F,
> STE dlyt < (H—tg)-CT -2 +H«(l—wd+)
peP (5)
Vd e D

Where zF Te {0, 1} indicates whether changeover time must
F.CT

be deducted after the changeover. Constraint (6) sets z 4 toone,
if the frame saw is active through the whole shift and the pattern
is changed.

(s

Constraint (7) ensures that only an active frame saw can have
an active cutting pattern, which is preserved by constraints (8) and
(9) for the next day if the saw remains active.

C

F+ _ F,—

ZF,CT F,— F+
Sdp " dp

g ZwW, twy )—2 Vde D, peP (6)

F, F,

d; wit Vde D, +e{-+} (7)
peP
F,+ F,— F,+ F,—
deSd_Hp l-(z—wd _Wd+1) Vde D, peP (8
F+ F,— F+ F,—
dps d+1p+1-(2—wd —wd+1) VdeD,peP (9)
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4 Discrete time-slot models: D[K], D[LK]-EK

Similarly to the previous modification of the original model, some
constraints from [8] remain unmodified, expressing the objective,
storage balances: (1)—(3). Moreover, some variables are now defined
for each segment of a shift, indexed by the set K = {1,2,...,K}.

For example, the binary variables wg © wg . indicate machine
usage, which are used in segment-wise c’opies of (15)-(16) of [8] to
express human-resource requirements.

wg’ « is also used in the band saw time capacity constraint, where

HX = H/K denotes the length of a segment:

B B K B
D STy -qh, < > HK Wh
peP keX

Vde D (10)

Another such variable is qg kp € Zs>o indicating the frame saw

production, used in constraints (11) and (12) to calculate the daily
production quantity and limit the inventory:

Ydr = Z Yip-Vi, -

DY qg,k,p) VdeD, teT (11)

peP keK
Ty (qgf Zqik!p)sh vier )
deD peP; keK

Active consecutive segments on the frame saw should be merged
together if the pattern is unchanged. These conditions are expressed
by binary variable s djep which is 1 iff pattern p is active in segment
d, k and the one preceding it. Another binary indicator variable,

c,F
Sdkp
This logic is enforced by the following constraints:

c,F F _ . F

sy +5hp) = Wi VieD, keX (13)
peP

F F oF _F

Sakp < Sdk-1p FSdk-1p T (1 Wd,k—l) (14)

Vde D, ke K\{1}, peP

F F oF _F

Sdip < Sd-1Kp TSd-1kp T (1 Wd—l,K) (15)

Vde D\{1}, pe®P

Constraint (13) ensures that when the frame saw is operated in
segment k, exactly one pattern is selected (either a changeover to
p or continuation with p), and when it is idle, neither indicator is
active. Constraint (14) allows pattern continuation only if p was
active in the previous segment, and the frame saw is active. The
same condition is set across days is by Constraint (15).

The merging of active segments with the same pattern is modeled
by constraints (16), (17), and (18), introducing a spare time variable
Oakp € [0, HX] that records unused time in segment k for pattern
p and can be carried to the next segment.

Oakp < STy ~s§,k+l,p Ve D, ke K\{K}, peP (16)

F F K F c,F K F
STE b, < (H —cT )-sd’l,p+H AP

(17)
Vde D, peP

is 1iff p is active in segment k but not in the preceding one.
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F  _F K F c,F K
STY -l < (HE = CTF) s5h 41

* 0dk-1,p ~ Odk,p
Vde D, ke K\{1},peP

Constraint (16) limits the carryover from segment k to one log’s
sawing time ST and activates it only if the next segment continues
with the same pattern, while the production time bounds follow
from Egs. (17) and (18), accounting for changeover time cT¥ and
the inflow/outflow of spare time.

To obtain DLK]-EK from D[K ], Constraint (19) needs to be added,
which enforces at most one cutting pattern change by the frame
saw per day:

2,

keK peP

F
“Sdkp
(18)

c,F
$ip <1 Ve D (19)

5 Empirical results

To evaluate the new approaches, the randomly generated test set
from our previous study [8] is used, where cutting pattern yields
were precomputed with Pitago Optimizers [1] and technical pa-
rameters reflect industry practice and recommendations by experts.
Figure 1 shows the five patterns defined for three log diameter
classes in all of the test cases.

For practical reasons in execution, the values 1, 2, 4, and 8 were
considered for K, and the EK variant for K = 1 is omitted, as it is
equivalent to the non-EK case.

All problems in the dataset were solved with all of the models
by Gurobi Optimizer 12.0.1 on a computer with an Apple M2 CPU
and 16 GB of RAM available, with a time limit of 1500 seconds.

Table 1 shows the aggregated results from the 50 cases with
4-week planning horizon.

The left block shows objective value distributions (m3) as box
plots. The median relative deviation from the C-EK reference is also
reported in the column labeled Ac-gg (%). On the right, CPU times
(s) are shown as box plots on a base-10 logarithmic scale.

The results match the theory:

e Adding on/off reallocation in C’-EK increases quality

e Discretizing the changeover timing degrades it when only
one cutting pattern change is allowed per shift (EK models),
while smaller slot lengths mitigate the loss.

e Imposing the “at most one change” rule on the frame saw
(-EK) has a negative impact on solution quality.

It can be observed, however, that the differences in objective
values across models are small: Ac-gk ranges from —0.1072% for
C’-EK (best) to +0.8536% for D1 (worst), and difference between
D[K] and D[K]-EK is less than 0.05 percentage points.

A key takeaway is that even D8 does not outperform C-EK. For
these test cases, continuously timing a single change is more valu-
able than permitting multiple changes at fixed time-slot boundaries.
Even so, the loss from discretization is small: as k increases, the
median gap shrinks from +0.85% (D1) to about +0.0058% for D8-EK
or +0.0024% for D8.

Regarding runtimes, increasing K for the discrete models in-
creases CPU time, as expected, yet the K = 8 variants still run faster
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Table 1: Results on randomly generated instances with a 4-week planning horizon across model variants.

Objective value (m?)

CPU time (s)

Model 950 1025 1100 1175 1250  Ac-gk (%) 1072 1070625 1007 102125 1035 Avg.
C-EK — [ }F}——Ao +0.0000 F—— ] He oo 151.36
C’-EK —{ T A -0.1072 ———J [ Heooo 125.98
D1 ] T }}—- +0.8536 ——THe 0.24
D2-EK T 1 > +0.2908 T He 1.37
D2 — 1 Ao +0.2440 ] He o 1.52
D4-EK — [ Ao +0.1065 F— [He o 5.00
D4 — [ }——o +0.0760 F— [H ®oo 4.21
D8-EK ——1 T e +0.0058 F—T] Hoo® o o 67.76
D8 —1 1 F——Ao +0.0024 F—{ ] Hoooo 82.82

on average than the continuous baselines. Notably, D8 is within
~ 0.11 percentage points of C’~EK in objective value yet is faster on
average. The —EK restriction leaves quality essentially unchanged
and tends to reduce runtime.

Time-limit hits were infrequent (Table 2).

Table 2: Time-limit hits (counts).

Model 3-week 4-week 5-week 6-week
C-EK 3 2 5 4
C’-EK 0 1 2 3
D8-EK 0 1 1 0
D8 0 1 1 1

These counts suggest that the discrete-slot models remain com-
putationally stable across longer planning horizons.

Overall, the discrete time-slot-based models offer a tunable trade-
off: coarse slotting is extremely fast but less accurate, whereas K = 8
achieves near-continuous quality at a substantially lower average
runtime than the continuous baselines.

6 Concluding remarks

We revisited a MILP scheduling model for small-scale sawmills and
examined three design choices: (i) allowing workforce reallocation,
(ii) restricting changeovers to discrete within-shift time-slot bound-
aries, and (iii) allowing multiple changes per shift. Computational
tests on a large synthetic instance set show that objective differ-
ences across variants are modest. Allowing on/off operation with
reallocation provides a consistent, albeit small, improvement in so-
lution quality, whereas discretizing the changeover into time slots
introduces a controllable loss that diminishes as the slot granularity
is refined. Overall, the discrete formulations offer a tunable trade-
off between accuracy and speed. In our setting, even coarse slots
perform well, while a moderate refinement (e.g., hourly segments)
achieves near-continuous quality at substantially lower average
runtimes. In practice, multiple within-shift changes bring marginal
gains and complicate execution, whereas —EK yields simpler plans
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with similar quality and often lower runtime. For the investigated
test cases, even completely forbidding changes within shifts resulted
in less than 1 percent quality reduction. These findings support
the discrete-slot approach as a practical planning tool for small,
low-automation sawmills. Future work will expand the set of test
instances, include an industrial case study to validate and calibrate
the models on operational data, and, where appropriate, incorporate
uncertainty in key inputs.
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